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Abstract

In this paper we describe some of our progress towards an operational implementation of a modern programming
logic. Thelogic isinspired by the variable type systems of Feferman, and is designed for reasoning about imperative
functional programs. Thelogic goeswell beyond traditional programming logics, such as Hoare’slogic and Dynamic
logic inits expressihility, yet is less problematic to encodeinto higher order logics. The main focus of the paper istoo
present an axiomatization of the basefirst order theory.

1 Introduction

VTLOE [34, 23, 35, 37, 24] isalogic for reasoning about imperative functional programs, inspired by the variable type
systems of Feferman. These systems are two sorted theories of operations and classes initially devel oped for the for-
malization of constructive mathematics [12, 13] and later applied to the study of purely functional languages [14, 15].
VTLoE builds upon recent advances in the semantics of languages with effects [16, 19, 28, 32, 33] and goes well be-
yond traditional programming logics, such as Hoare's logic [7] and Dynamic logic [22] by treating a richer language
and expressing more properties. It isclosein spirit to Specification Logic [49] and to Evaluation Logic [44].

The underlying programming language of VTLOE, Ay, isbased on the call-by-value lambda cal culus extended by
the reference primitivesmk, set, get. Atoms, references and lambda abstractions are al first class values — they can
be bound to lambdavariables, stored, and returned from procedures. It can thus be thought of as afragment of untyped
ML or avariant of Scheme. The logic combines the features and benefits of equationa calculi as well as program
and specification logics. There are three layers. The foundation is the syntax and semantics of Ay, the underlying
term/programming language. The second layer is afirst-order theory built on assertions of program equivalence and
program modalities called contextual assertions. The third layer extends thelogic to include class terms, class mem-
bership, and quantification over class variables. In this paper we concentrate on thefirst two layers. The main topic of
this paper is the presentation of a Hilbert style formal system for VTLoE and the proof of its completeness.

Contextua assertionswerefirst introduced in[31] asameansfor expressing constraint propogation. It wasquickly
realized that they are an essential feature of any language for reasoning about the effects of programs. In our earlier
work on axiomatizing imperative features [30, 29, 33] we presented a simple sequent system for proving equations.
Theintroductionrulesfor the allocation and updating primitiveswere complicated by ugly side conditions. Conditions
so ugly as to make the implementation of the system unfeasible. The main result of this paper is to generalize these
previousresultsto afull first order language with contextua assertions. The crucia point isthat contextual assertions
eliminate the need for any side conditions.

1.1 Overview and Notation

Theremainder of thispaper isorganized asfollows. In §2 weintroducethe syntax and semantics of thetermsof VTLoE.
In §3 we introduce the syntax and semantics of theformulas of VTLoE. In §4 we present the proof theory of VTLOE. In
§5 we relate the semantics with the proof theory.
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We conclude the introductionwith a summary of notation. Let X, Y, Yy, Y7 be sets. We specify meta-variable con-
ventionsin the form: let = ranges over X, which should be read as: the meta-variable z and decorated variants such
asz’, xo, ..., range over the set X. We use the usual notation for set membership and function application. Y " isthe
set of sequences of elementsof Y of length n. Y * isthe set of finite sequences of elementsof Y. y = [y1, ..., ya] IS
the sequence of length n with ith element y;. P, (V) istheset of finitesubsetsof Y. Y = Y; isthe set of finite maps
fromYy toY;. [Yy — Yi] istheset of total functions f with domain Y, and range contained in ;. Wewrite Dom( f)
for the domain of a function and Rng( f) for itsrange. For any function f, f{y := v’} isthefunction f’ such that
Dom(f") = Dom(f) U{y}, f'(y) = ¢/, and f'(z) = f(z) forz # y,z € Dom(f). N = {0,1,2,...} isthenatura
numbersand i, j, n, ng, ... rangeover N.

2 The Syntax and Semanticsof Terms
21 Syntax

The syntax of the terms of A,x is a simple extension of the lambda cal culus to include basic atomic data A, (such as
theLisp booleanst and nil, and in practice the natural numbers YY), together with a coll ection of primitive operations,
F =, cnFn, where I, isthe (possibly empty) set of n-ary operations.

Booleans {t,nil} C A

Recognisers T = {atom?, cell?, lambda?}
Unary Operations Ty = {mk,get}UT

Binary Operations T2 = {app, eq, set}

Ternary Operations s = {br}

The primitiveoperationsinclude: the memory operations (mk,get,set) for alocating, dereferencing, and updating
unary cells; the usua operations for strict branching (br) and arithmetic; the recognizing operations (atom?, cell?,
lambda?) (or characteristic functionsusing the booleanst and nil) of their respective domains. We & so treat appli-
cation, app, as abinary operation for the sake of uniformity.

Togther with the atoms, A, we assume an infinite set of variables, X and use these to define, by mutual induction,
the set of A-abstractions, I, the set of value expressions, V', the set of value substitutions, S, the set of expressions, E,
and the set of contexts, C, as the least sets satisfying the following equations:

Atoms A a rangesover A
Variables X z,y, z rangesover X
Lambda Expressions 1L = AX.E Az.e rangesover L
Vaue Expressons V=X+A4+1L v ranges over V
Value Subgtitutions S=3X 5V o rangesover S
Expressions E=V+F,(E") e ranges over E
Contexts C={o}+X+ A4+ IXC+TF,(C") C rangesover C

A isabinding operator and free and bound variables of expressions are defined as usual. FV(e) isthe set of free
variables of e. A value substitutionis a finite map ¢ from variables to value expressions, we let o range over value
substitutions. e” is the result of simultaneous substitution of free occurrences of z € Dom(o) ine by o(z). We rep-
resent the function which maps z to v by {z := v}. Thuse{*="} isthe result of replacing free occurrences of z ine
by v (avoiding the capture of free variablesin v). Contextsare expressionswith holes. We use e to denote ahole. C[e]
denotes the result of replacing any holesin C by e. Free variables of e may become bound in this process. Traps(C)
isthe set of variables that can actually be trapped in the process of filling the holesin C.



2.2 Abbreviations

In order to make programs easier to read, we introduce some abbreviations.

f(@) 2 app(fiz)

let{z :=epley 2 app(Az.e1, €g)

seq(e) 2 €

seq(eq, ..., €n) = let{z := ep}seq(er, ..., en) z @ FV(e)fori <n
if(eg,e1,€2) 2 app(br(eg, Az.e1, Az.ez),nil) for z fresh

not(e) 2 if(e,nil, t)

and(eg, €1) 2 if(eg, e1,nil)

and(eg, €1, .. -€n) 2 and(eg,and(eq, ..., €n))

or(eg,e1) 2 if(eg,t,€1)

or(eg,€e1,...€n) 2 or(eg,or(eq, ..., en))

2.3 Programming Examples
2.3.1 Equalityon Cels

To simplify matters later we have omitted equality on cells as a primitive operation. It is however easily definable.

eq? = Az.Ay.if(and(cell?(z), cell?(y)),
let{zg := get(z),yo := get(y)}
seq(set(z,nil),
set(y,t),
let{z := get(x)}
seq(set(z, xo),
set(y, %),

2)),

nil)

2.3.2 Landin’sRecursion Operator

Sincethe A -cal culus extends the call-by-val ue A-calulus the usua call-by-valuefixed point combinator isatermmin
thelanguage. A somewhat different fixed point combinator, that makes use of the reference primitives, is possible:

Y2 Ay.let{z := mk(nil)}
seq(set(z, Az.app(app(y, get(2)), z)),
get(z))

Thisversion of the fixed-point combinator is essentialy identical to the one suggested by Landin [27]. When applied
toafunctional F' of theform Af.Az.e, Y creates aprivateloca cell, z, with contents G = Az.app(app(F, get(z)), z),
andreturnsG. By privacy of z, G isequivaentto F'(G) (cf. [32]). Notethat thisexampleistypableinthesimply typed
lambdacal culus (for provably non-empty types(cf. [24])). Thusadding operationsfor manipulating referencesto the
simply typed lambda cal cul us causes the failure of strong normalization aswell as many other of itsnice mathematical
properties.



2.3.3 Integer Streams

From an abstract point of view, astream issimply a (possibly infinite) sequence of data[2]. Inthe A, -cal culuswe can
represent streams simply as functional objects. The sequence corresponding to a Ak -stream is the values reurned by
repeated application of the object to afixed (and hopefully irrelevant argument). The simplest example of anon-trivia
Aux-Stream isthe stream of natural numbers.

makeStream = Am.let{z := mk(m)}
Az.let{n = get(z)}
seq(set(z,n+ 1),
n)
Here makeStream applied to an integer m crestes a stream of integers beginning with that integer. The so-created
stream when queried (applied to any value) returnsthe next integer in the stream.

2.34 TheSieveof Eratosthenes

A somewhat moreinteresting example of astreamisthesieve of Eratosthenes[2]. Webeginwiththefunctional filter
which expects an integer, n, and astream, s and then creates a new stream. This new stream when queried repeatedly
callsthe stream argument, s, until an integer not divisible by the number argument, n, isreturned. Thisnumber isthen
returned as the answer to the query.

filter = An.)s.
Az.let{m := s(nil)}
if(divides?(n,m)
filter(n,s)(nil)
m)
sieve isan expression which when evaluated creates anew the sieve of Eratosthenes. Thisnew stream is a stream of

the prime numbers. Each time the stream is queried it returns the current prime and updates its local stream to filter
with this prime.

sieve 2 let{sc := mk(makeStream(2))}
Az.let{s := get(sc)}let{p := s(nil)}
seq(set(sc, filter(p, s)),
p)

2.4 Semanticsof Terms

The operational semantics of expressionsis given by areduction relation — on a syntactic representation of the state
of an abstract machine, referred to as computation descriptions. A state has three components: the current instruction,
the current continuation, and the current state of memory. Their syntactic counterpartsare redexes, reduction contexts,
and memory contexts respectively. Redexes describe the primitive computation steps. A primitive step iseither a g, -
reduction or the application of a primitive operation to a sequence of value expressions. The set of redexes, E,, is
defined as

Ee = Fa (V7

Reduction contexts identify the subexpression of an expression that is to be evaluated next, they correspond to the
standard reduction strategy (left-first, call-by-value) of [46] and were first introduced in [18]. The set of reduction
contexts, IR, isthe subset of C defined by

R= {.} + Frngn41 (Vm: R:Eﬂ)



We let R ranges over IR. An expression is either a value expression or decomposes uniquely into aredex placed in a
reduction context. An easy structural induction establishesthat if e € [, then either e € 'V or e can bewritten uniquely
asR[e'] whereR € Rand ¢’ € .. The set of memory contexts, IV, isthe set of contexts ' of theform

let{z; :=mk(nil)}...let{z, := mk(nil)}seq(set(z1,v1),...,5et(2n,vn),®)

where z; # z; when ¢ # j. Weincludethe possibility thet » = 0, inwhich case I' = . Welet I' ranges over M.

We have divided thememory context into allocation, followed by assignment to alow for the construction of cycles.
Thus, any state of memory is constructible by such an expression. We can view memory contexts as finite maps from
variablesto vaueexpressions. Hencewedefinethedomain of I' (asabove) tobeDom(T') = {z1, ..., z, },and T (z;) =
v; for 1 < i < n. Two memory contexts are considered the same if they are the same when viewed as functions.
Viewing memory contexts and finite maps, we define the modification of memory contexts, I'{z := mk(v)}, and the
union of two memory contexts, (I'c UT'; ), inthe obviousway. I'? istheresult of applying ¢ to each valuein therange
of I.

The set of computations descriptions (briefly descriptions), ID, is defined to be the set Ml x [£. Thus a description
isapair with first component a memory context and second component an arbitrary expression. We do not require
that the free variables of the expression be contained in the domain of the memory context. This alows usto define
reductionsuniformly in parameters that are not touched by the reduction step, and hence to provideaform of symbolic
evaluation. WeletT'; e ranges over ID. A closed descriptionisadescription of theformI'; e where FV(e) C Dom(T').
Value descriptions are descriptions whose expression component is a value expression, i.e. a description of the form
;0. (T;e)? =T7;¢€°.

Definition (=):  Thereduction relation = isthe reflexive transitive closure of —. The clauses are:

(BV) r; R[app(/\x,e’ 'U)] — I R[e{x::v}]

I;R[t] ifveA

(atom) I'; R[atom?(v)] +— { I';R[nil] if v € LU Dom(T)

I;R[t] if v € Dom(T")

(cell)  T;R[cell?(v)] — { T;R[@il ifvelUA

) o [; R[t] if vyg = v, vg, vy € A,
(ea) [ Rleq(vo, v1)] = { I;R[nil] dseif vg,v; € Dom(T) UL U A.

(b)  T;R[bx(vo,v,vs)] — { ? E%Zj o € n(ﬁ —{ni1}) ULUPU Dom(T)

(mk)  T; Rmk(v)] — I'{z :=mk(v)}; R[2] if z ¢ Dom(T') U FV(R[v])

(get)
(set)

z)] — T; R[v] if z€ Dom(T')andT'(z) = v
z,v)] — I'{z ;== mk(v)}; R[nil] if z € Dom(T)

[get

T'; R[get(
I'; R[set(
Notethat inthe atom? and cell? rulesif one of the argumentsisavariable not in the domain of the memory context
then the primitive reduction step is not determined. Thisisalso thecase in the eq, br, get, and set rules.

Definition (| T ] ~): A closed description, T'; e is defined (written | T; e) if it evaluates to avalue description. A
description isundefined (written 1 T'; €) if it is not defined. Two descriptions, I'; eq and T'; 3 are equivalued (written
[;eq ~ T'; eq) if they are both undefined or have acommmon reduct (i.e. they both reduce to a particular description)

1(T;e) & (Ar;0")(Te iy v')

1(Te) < = 1(Te)

[ieo~T5e1 < ((1(F;e0) A 1(T5e1)) Vv (30Y;e)(T; €0 S The AT e = [;e))



For closed expressionse, wewrite | e tomean | e, eq | e tomeanthat | eq iff | e1, and eg ~ e; to mean B;eq ~
0: eq.

Some simple consegquences of the computation rulesarethat reductionisfunctiona modul o al phaconversion, mem-
ory contexts may be pulled out of reduction contexts, and computationis uniformin free variables, unreferenced mem-
ory and reduction contexts.

Lemma (cr):
(i) Toleo] = T'yleq] if D;e — [ijei fori < 2
(i) R[[[e]] = T;R[e] if FV(R) N Dom(T) = .
(i) Tie—T5€" = (Tye)” — (I';€')”
if Dom(I) N Dom(o) = § = FV(Rng(o)) N (Dom(I") — Dom(T)).
(iv) Tje—T"e¢ = ([gUTD);e— (Lo UTY);e" if Dom(I') N Dom(L'o) = 0.
(v) TiR[e]— R[] = [ R[] = I R[] if (Dom(I') N FV(R')) € Dom(T)

In (cr.i) = istheusual notion of aphaequivalence. It makes explicit the fact that arbitrary choicein cell dlocationis
the same phenomenon as arbitrary choice of names of bound variables.

2.5 Operational Equivalence of Terms

In this section we define the operational equivalencerelation and study itsgenera properties. Operational equivaence
formalizes the notion of equivalence as black-boxes. Treating programs as black boxes requires only observing what
effects and vaues they produce, and not how they produce them. Our definition extends the extensiona equivalence
relations defined by [40] and [46] to computation over memory structures. Asshown by [3, 4, 9, 11, 25, 28, 32, 26, 38,
42, 45, 50, 51] operational equivalence and approximation can be characterized in various ways.

Definition (=2):  Two expressions are operationally equivalent, writteneq = e, if for any closing context C, C[eg]
isdefined iff Cle;] is defined.

eg e & (VC eC | FV(C[Eo]) = FV(C[el]) = @)(C[eo] I C[el])

The operational equivalenceisnot trivia since theinclusion of branchingimpliesthat t andnil are not equivalent.
By definition operational equivalence isa congruence relation on expressions:

Congruence: ¢e; =2 e; = (VC € C)(Cleg] = Clei))

However it is not necessarily the case that substitution instances of equivalent expressions are equivalent even if the
instantiating expressions always returns avaue. As a counter-example we have if(cell?(z), eq(z,z),t) = t but
if(cell?(mk(t)), eq(mk(t),mk(t)), t) = nil. Thereason underlyingthisisthat inthecase of programswith effects,
returning a value is not an appropriate characterization of definedness. In particular returning a value is not the same
as being operationally equivalent to avalue. Thisisin contrast to the purely functional case and is due to the presence
of effects. For example, each of the following expressions always returnsa value

mk(z) if(cell?(z), set(z,y), z) if(cell?(z), get(x), z)

but noneisequivaenttoavalue, i.e. for novaueexpression v dowehavee =2 v for any of the abovethree expressions.
The first has an allocation effect. The second has awrite effect. The third has aread effect.

In generd itisvery difficult to establish the operational equivalence of expressions. Thusit isdesirable to have a
simpler characterization of =2, onethat limitsthe class of contexts (or observations) that must be considered. The main
context lemmain this case isthe following

Theorem (ciu): e = e; < (VI, 0, R)(FV(T[R[eZ]]) = 0 = (T[R[eg]] ] T[R[eS1]))
A proof of (ciu) appearsin[32], andin[24].



3 The Syntax and Semanticsof Formulas
3.1 Syntax

Thefirst order fragment of our logic isaminor generalization of classical first order logic. The atomic formul as assert
the equival uedness and operational equivalence of expressions. In addition to the usud first-order formula construc-
tions, we add alet-assertion: if ® isaformula, 2 avariable, and e an expression then Llet{z := e}[®] isaformula

Definition (W):
W=(E~E) +(EZE)+ (W = W)+ (Llet{X := E}[W]) + (VX)(W)

For typographical conveniencewewill let L range over theclass of 1et contexts. Thus L. denotesageneric member
of let{X := E}e.

3.2 Semantics
The meaning of formulasis given by a Tarskian satisfaction relation T’ = ®[].

Définition (I' = @[0]): Assumel’, o, @, e; satisfy FV(®7)UFV(e7) C Dom(l') forj < 2,and FV(I') = . Then
we define the satisfaction relation I' |= ®[o] by induction on the structure of ®:

I'[=(eg ~ e1)]o] iff T;ef ~T;ef

I (eg = e1)o] iff (VR € R | FV(R) C Dom(I))(I'[R[eF]] | T[R[eS]])
I'=(® = @41)[0] iff (I = ®o[o]) implies (T | ®1[0])

[ =let{z :=e}[®][c] iff (I;e” =T';v) implies I’ = ®[o{z :=v}])

I' = (Va)®[o] iff (Yo eV |FV(v) CDom(D))(I' = ®[o{z := v}])

Asisusua in logic we define the subsidary notions of validity and logica consequence as follows:

L& iff (YF,0 | FV(@7) C Dom(I))(T [ ®[o])
[ON ': ®, iff ': Py = &,

3.3 Examples, Counterexamplesand Caveats

Negation is definable, =® isjust ® = False, where False isany unsatisfiable assertion, suchast = nil. Simi-
larly conjunction, A, and diunction, Vv and the biconditional, < , are al definable in the usua manner. Note that
termination and non-termination are simple abbreviations. Note that the Let-assertion is a binding operator akinto V.
A simple example is the axiom which expresses the effects of mk:

(V2)(Yy)(Let{z :=mk(2)}[(z = y) A cell?(x) =t A get(z) = v])

Notethat thereareat | east two notionsof definednessthat we can express. Welet | e dbbreviate—(1let{z := e¢}[False])
and T e abbreviate itsnegation 1et{z := e}[False]). A stronger notion of definednessisthat of being equivalent (e&i-
ther via~ or via=2) to avaue. These two notionswill beimportant later.

We use the symbol ~ to denote either of the binary relationsin our logic, = and ~. It isimportant to note that,
unlike equdlity in first order logic, neither of these binary relations (= nor ~) is a congruence in the sense that e ~
e1 = Cleg] = Cle,] isfasifiable (even when no trapping occurs). For example

get(z) ~t = app(seq(set(z,nil),Az.z),get(z)) ~ app(seq(set(z,nil), Az.2),t)
isobviously not vaid. Similarly falseistherelated principlethat ® = let{z := ¢}[®]. For example

get(z) @t = let{z := set(z,nil)}[get(z) ~ t]



isclearly not valid. Also along these linesisthe observation that while
let{z :=e}feqg ~ e1] = let{z := e}[eo] ~ Let{z := e}[e1]
isvalid, itsconverseisfalse. Since
let{z := mk(0)}let{y := mk(0)}[z] ~ let{z := mk(0)}let{y := mk(0)}[y]

isvalid, but let{z := mk(0)}[1let{y := mk(0)}[z ~ y]] is not.

3.3.1 Violation of Privacy

Rather than give the impression that everything is rosy, we point out the following problem raised in [37]. One seem-
ingly desirable logical principlefor contextua reasoning isto be able to replace the e by any operationally equivalent
expression without changing the semantics of the contextual assertion let{z := e}[®]. In other words the following
principle seems desirable:

ep Z ey = (let{z :=¢p}[P] & let{x :=e1}[P])

However, there are several waysin which thiscan fail in thislogic. For example e, may produce some garbagethat e,
does not, and this garbage may be detectable via ®. For example letting

eo = seq(mk(0), mk(0))
€1 = mk(0)
® = (Fyo)(Ty1)(cell?(yo) =t A cell?(y1) =t A eq(yo,y1) = nil)

provides a counterexample.
Another more troublesome counterexample relies on the fact that eq and e; may be equivaent due to the privacy
of certain cells, however their privacy is not respected by the contextual assertion. A simple example of thisis:

€ = A$0.$0
€1 = let{z := mk(Azg.20) } Aw.app(get(z), w)
d=2z=Ayy

A simpleinduction on the length of computations (similar to thosefound in [32]) establishesthat eq and e; are oper-
ationally equivalent, and hence eg =2 ¢, isvalid. The essential observationisthat the cell z islocal to the value/object
returned by e; and thusinvisibleand its contents unalterable outside this scope. However it is not the case that

Elet{z := ¢ }[P] < let{zx := e }[P]
However dl isnot lost, we do have that the weaker principle
eg ~e1 = (let{z := o }[P] & let{x :=e1}[P])

isvalid.

3.4 Extendingthe Syntax of Contextual Assertions

For simplicity we have minimalized the syntax of contextual assertions to simple let statements. In earlier treat-
ments [24] we dealt with a much wider class of contexts, called univalent contexts, (U-contexts). They are the largest
natural class of contexts whose symbolic evaluation isunproblematic. The key restrictionisthat we forbid the hole to
appear in the scope of a (non-1et) lambda, thus preventing the proliferation of holes. The class of U-contexts, U, is
defined as follows.



Definition (U):
U={e}+1let{X :=E}U+ if(E,U,U)+ Frgn41 (E*, U, E")

The semantics is a simple generalization of the one presented here, and the curious are refered to [24] for details.
The main reason for restricting our attentionto Let contexts, apart from the simplicity in presentation, isthat those | eft
out may be considered abbreviations:

(0) R[®] abbreviates &.
(1) seq(er,ea,...,en, [P]) abbreviates

let{z; := e }[...[Llet{z, = e, }[P]] .. ]
provided z; are fresh.
(2) let{x;:=ey1,..., 2, := e, }[P] abbreviates
let{z; := e }[...[let{z, = e, }[®]] .. ]
providedz; ¢ FV(e;) for1 <i < j <n.
(3) 1if(eg, [®o], [®1]) abbreviates
let{z :=eo}[(z Znil = P;) A ((z Znil) = Py)] 2 fresh.

(4) 9I(eo,...,en, U[P], en+1,...) bbreviatesseq(eg, ..., en, U[P])
That these abbreviationsare in fact sound derive from theorem (ca.iii) in[24] which states that (in this generalized
semantics):

Theorem (ca):

(i) Up[Us[2]] < (Us[U)[2]

4 Proof Theory

Since contextual assertions are akin to modalities, we giveaHilbert style presentation. In thelong run anatural deduc-
tion style systemin the style of Prawitz [47] may be more desirable.

Definition (- ®):  The consequence relation, F, is the smallest relation on W that is closed under the rules given
below.

Therulesare partitionedinto several groups. Each group of rulesisgivenalabel, for futurereference, and members
of the group are numbered. For example (E.i) refers to thefirst rule in the group of equivalence and evaluation rules
(the second group below). A rule has a (possibly empty) set of premisses and a conclusion. In the case that the set of
premisses is non-empty the ruleis displayed with a horizontal bar separating the premisses from the conclusion.

VariableConvention:  We adopt Barendregt’s convention [8] that in any particular mathematical situa-
tionthe bound and freevariablesin expressions are distinct. However wedo (and must) allow freevariables
of expressionsto coincide with bound (trappabl€) variables in contexts.

So for example we assume in: (E.vi) that z not freein R; (E.vii) that z ¢ FV(e); (C.v) that 2 ¢ FV(®); (Q.ii)
that © ¢ FV(®g); (mk.ii) and (mk.iii) that z & FV(eg); and in (S.i) that = ¢ z. On the other hand inin (mk.i) we must
explicitly state that the variable  is distinct from the variables y and z. This convention makes the statement of (Q.i)
somewhat cumbersome.

Most axioms hold true for both equival uedness, ~, and operational equivalence, =, If thisisthe case, then rather
than write out the principle twice, we use the symbol ~ to range over these two equivalence relations. One important
reason for introducing ~ is that important principlesfails for 2. In particular (C.iii) below fails asindicated in [37]
andin §3.3.1.



4.1 Basic Equivalence Axiomsand Rules

Thefirst, most basic axiom concerning operationa equivalence and equivaluednessisthat the booleanst and nil are
not equivalent.

Non-Triviality (T).
(i) F=(t ~nil)
The second set of rules concerning equival uedness hold true al so of operational equivalence. They are equivaence
relations, (E.i, E.ii, E.iii). They satisfy a certain restricted form of substitutivity, (E.iv). And are preseved under sim-

ple forms of evaluation, (E.v, E.vi, E.vii), these last three principles are (equivalent to) the let-rules of the lambda-c
caculus[39].

Equivalence and Evaluation rules (E).
1) F €g ™ €p
i) F(ep~er Aep~er) = e e

i) Feg~e = e1~eg

v) Fapp(Az.e v)~ elo=vh ~ let{z := v}e
vi) F Rle] = let{x := e}R[z]

(

(

(

(iv) Fep~er = let{z:=eple ~let{z :=e;}e
(

(vi

(vi

vil) Flet{z:=eg}let{y :=e1}e ~ let{y = let{x :=ep}e;}e

The remaining axioms rules concerning operational equivalence (other than that it is an equivaence relation) are:

=), equival uednessimplies operational equivalence; (=2.ii), operationa eguivalenceispreserved under the collection

of garbage; (=2.iii), operational equivaenceisnon-trivial on abstractions; and they agree with one another on atomsand
cdls, (.iv).

Operational Equivalencerules (=).
(i) Feg~er = eg=e
(i) Fe=T[e] provided FV(e) N Dom(T) = @
Feo=er
R — The ¢ Rul
(i) F Azr.eg = Ax.eq (The¢ Rule)

(iv) Fr@)~tATy)~t => @@=y o z~y) 7 € {atom?, cell?}

4.2 Contextual Axiomsand Rules

Contextual assertions are amodality and as such possess a rule akin to necessitation, (C.i). Note that thisisarule
of proof and not an implication. A simple counterexample to the implication can be found in §3.3. The remaining
axioms concerning contextua assertions are; (C.ii), contextual assertions distribute across the equivaences, again a
counterexample to the converse can be found in §3.3; (C.iii), a form of contextual assertion introduction involving
equivaluedness (the corresponding principle for operationa equivalenceisfase, §3.3.1); (C.iv), aprincipleakinto s
conversion; and (C.v), a principle allowing for the manipulation of contexts.

Contextual rules (C).

L FO
O e

(Context Introduction)
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(i) F Lfeg ~ e1] = L[eg] ~ Lles]

(iil) Feg~er = (let{r :=eo}[P] & let{z := e1}[P])

(iv) F let{z := v}[@] & @i==

(v) Flet{z:=eg}let{y :=e1}[P] < let{y:= let{x := ep}e; }[P]

4.3 Logical Axiomsand Rules

The propositiond rulesare, in addition to the usual Hilbert style presentation of modus ponens, (P.ii), and agenerating
set of tautologies, (P.i) amodal axiom corresponding to K and its converse, (P.ii).

Propositional rules (P).

i) FO provided ® is an instance of a tautology
(i) FL[®y = @] & (L[®c] = L[24])
F &g Fdy = &

1i1 M odus Ponens
(i) s ( )

Similarly the quantifier axioms are all standard [10] except for (Q.iv) and (Q.v) which assert that operations other
than mk and app have no allocation effect, and that mk only allocates the value it returns.

Quantifier rules (Q).

F o

W (Generalization V1)
plv=

(il) FV2)(®o = O1) = (P = (Va)d1)

(iii) F (Yz)® = olo=v

(iv) F (Yo)let{z :=9(y)}[P] = let{z := J(y)}[(Vx)P] Y € F — {mk, app}

(v) b (Va)Let{z = mk()}[O(2)] A Let{z i= mk(y)HB()]) = let{z = 0(z)}[(¥2)]

Note that the converses of these last two axioms are easily derivable.

4.4 Undefinedness Principles

The most basic principle concerning undefinedness is that two undefined terms are both equivalued and operationally
indistinguishable, (U.i). The rest of the principles concern the partiality of the underlying operation. Note that in the
case of the memory operationsmk and set, being defined is not the same as being equivaent to a value. In the other
cases thisistrue, athough we need only express the weaker form. The stronger forms are derivable.

Undefinedness rules (U).

(i) FTleo = (Ter & eo~er)

(il) F |mk(2)

(iii) F |set(z,2) & cell?(z)~t

(iv) Flget(s) © cell?(z) ~t < (Jy)(get(z) ~y)
(

v) F1d(2) for ¢ € TU {eq, br}

11



45 DataOperation Axioms and Rules

Wetresat each operationin turn. We should point out, however, that we have grouped together acollection of principles
that concern when an assertion propagates into or out of a context. They may be found after thiscollection, (S).

The principles concerning mk, other than the definedness principle above, (U.ii), are quite straightforward. (mk.i)
describes the dlocation effect of a call to mk. While (mk.ii) and (mk.iii) assert that the time of allocation has no dis-
cernable effect on the resulting call. In aworld with control effects e, must be free of them for this principle to be
valid [17].
mk rules (mk).

(i) Flet{z :=mk(z)}[~(z ~y) A cell?(z)~t A get(zx) ~ z] z fresh
(ii) Flet{y:=eg}tlet{zr :=mk(z)}e; ~ let{xr :=mk(z)}let{y := eo}e;
(iil) F let{y :=eo}let{z := mk(2)}® < let{x :=mk(z)}let{y := eo}P

The first two contextual assertionsregarding set are analogous to those of (mk.i). They describe what is returned
and what isaltered, what isnot altered. The remaining four principlesinvol vethe commuting, cancell ation, absorption,
and idempotenceof callstoset. For exampletheset absorptionprinciple, (set.v), expressesthat under certain simple
conditionsallocation followed by assignment may be replaced by a suitably atered allocation.

set rules(set).
(i) Flet{x :=set(z,y)}[get(z) @y A & ~nil]
(i1) F(y~get(z) A o(w~z)) = let{x = set(w, wo)}[y ~ get(z)]
(iil) F —(zo =~ z2) = seq(set(zg,x1),set(xa,x3)) ~ seq(set(xq, z3), set(xg, 1))
(iv) F seq(set(w,yo),set(x,y1)) ~ set(x,y1)
(v) Flet{z :=mk(z)}seq(set(z,w), e)~ let{z := mk(w)}e
(vi) Fget(z) >y = set(z,y) ~nil

The rules concerning eq are unproblematic. It is either true or false, (eq.i). Note that this dichotomy will imply
that acall to eq is always equivalent to avalue. It istrue only when its arguments are both atoms and are equival ued,

(eqii).
eqrules(eq).

(i) Feq(z,y)~tV eq(z,y) ~nil

(i) Feq(z,y)~t & (z>y A atom?(z) ~t A atom?(y) ~ t)

The recognisers are similarly simple. They are either true or false, (7.i), and hence always equivalent to values.
They are the characteristic functions of digjoint, and exhaustive sets, (r.ii). And they correspond to the appropriate
setsin question, (7.iii).

rrules, (r € T) (7).
(i) Fr(z)=tV r(e)~nil
(i) Fr@)~t< [\ ) xnil

(iii) F atom?(v) ~t provided v € A
(iv) F lambda?(v) ~t providedv € L

12



The branching primitiveisas simple as eq. If itsfirst argument isfalse then it returnsitsthird argument, (br.i). If
itsfirst argument isnot falsethen it returnsits second argument, (br.ii). These together imply that acall to br isaways
equivalent to avalue.

br rules (br).

(i) Fa~nil = br(z,y,z)~z
(i) F=(z=nil) = br(z,y,z) ~y

4.6 Constraint Propagation Principles

An important class of axioms are those which allow assertions to propagated into and out of assertions.
Static ~ rules (S).

i) Flet{e :=9(2)}Hz ~I(2)] for ¥ € F — {mk, app}
i) F +(z0 = 2z1) = let{z := J(y)}HE(20 = z1)] ford € F
i) F|9(y) = (Let{z := I(y)HE(z0 = 21)] = £(z0 = 21)) ford e F
iv) Fx(z ~90(y)) = let{z = I1(w)}x(z ~ Jo(y))] Yo, %1 € F
provided that if 1 € {set, app}, then ¥ € F — {get, set, app}.
(v) Fldi(w) = (Let{r := J1(w)}£(z =~ Jo(9))] = £(z ~ Vo(¥))) Yo, 01 €F
provided that if 1 € {set, app}, then ¥ € F — {get, set, app}.

(
(
(
(

As an aside we point out that (S.i) is provablewhen ¥ = set. In(S.iv) and (S.v) if ¥; € {set,app} and J, €
{get, set, app}, then the principles have simple counterexampl es.

4.7 Notesand Observations

1. Theonly axiomsand rules concerning get arethosein (S), (U), (mk) and (set).
2. Someaxiomsaboveare new inthesensethat they havereplaced principlesthat appeared intheearlier treatments[ 34,
23, 37, 24]. These were pointed out to me by Jacob Frost [20].

(Cri)  Flet{z :=Rle]}P & let{z:=e}let{zr := R[z]}®
(Crii)  F R[let{z :=ep}er] ~ let{x := eg}R]e1] z notfreeinR

Proof (C.r.i):

(1) F Rle]~ let{z :=€e}R[7] by (E.vi)

(2) Flet{z:=R[e]}® & let{r :=1let{z :=e¢}R[z]}D by (1, C.iii) and (P)
(3) Flet{z:=R[e]}® & let{z :=e}let{zx := R[z]}® by (3, C.v) and (P).
Ocri
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Proof (C.r.ii):
(1) FR[let{z :=ep}ter] = let{y := let{x :=eg}es }R[Y]
by (E.vi).
(2) F R[let{z :=ep}te1] = let{z :=eg}let{y := e }R[Y]
from (1) using (E.vii, E.ii).
(3) F R[let{z :=ep}e1] = let{z :=eg}R]e1]
from (2) using (E.vi, C.i, C.ii) and (E.ii).Oc v
3. Similarly an previous quantifier principle
Qp) FL[Ve)®] = (Va)L[®] wherez ¢ FV(L) U Traps(L)

is now derivable, again pointed out to me by Jacob Frost [20].

Proof (Q.p):

1) Fy2)e = o by (Q.iii)

(2 FL[(V2)® = @] from (1) using (C.i)

(3) FL[(Vz)®] = L[®] from (2) using (P.ii) and Modus Ponens

(4 F (Vz)(L[(Vz)®] = L[®]) from (3) using (Q.i)

(5) FL[(V2)®] = (Vy)(L[®]) from (4) using (Q.ii) and the assumptionthat = ¢ FV (L)
0qQ.p

4.8 Derived Rules

Because L[ ] is amodality akin to O we do not have a deduction theorem. However one can easily establish a weak
form of the deduction theorem which is useful.

Theorem (Weak Deduction): ! Assumethat fromt ®, one can establisht @, without using context introduction,
(C.i); the & rule, (=.iii); or generalization on any varigblefreein ®,. Thent &, = &;.

Proof (Weak Deduction):  Thisisavery simpleinduction on the length of proof. O
A simple corollary of thisisaversion of reduction ad absurdum:

(k@)
(Reductio Ad Absurdum) F False
F -
isderivableif the derivation
(k@)
F False

does not use context introduction, (C.i); the ¢ rule, (2.iii); or generalization on any variable freein ®. Sinceif thisis
the case then in fact using (weak deduction) we have

F® = False.

1We could strengthen the theorem by weakening the condition without using to without using on any formula depending on the assumption - ®¢
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And consequently by definition = —®. A similar observation reduces the strong form of (31)

F o
(F o) F (Jy)®o
(3E) @ y & FV(d)
F®,
to the derivable form:
Fdy = @
(3E) S y & FV(@1)

F (Hy)q)o = &,

4.9 Simple Counterexamples

The following variations on the (S) principlesare not valid.

(1) let{aj = 79(2)}[1‘ ~ 19(2)]] ¥ € {mk, app}

(2) *(z2>90(y)) = let{zx :=I1(w)}[£(z ~ Jo(y))]
¥1 € {app, set} and ¥y € {set, get, app}

(3)  1h(w) = (1et{z := I1(w)}[+(z = Jo(y))] = £(z = Jo(y)))
Y1 € {app, set} andJo € {set, get, app}

5 Completeness

We say that an expressionisfirst order, e € IE°, iff it contains neither unapplied A-expressions, nor non-A applications.
A formulaisfirst order, ® € W°, iff it isbuilt up from first order expressions. The appropriate first order syntactic
subclasses are defined formally by the following mutually recursive definitions:
Definition (V° IL° E° W°):

Ve=X+A+4P°

L° =M

E = V° 4 app(L°, ) + (F, — {app})(E’")

W = (E° ~FE) + (W° => W) + (Let{X := E° }[W°]) + (VX)(W°)

Definition (Il I): ~ The set of constraints, II, and the set of complex constraints, 11, are defined as follows:
M=%V ~V°) + (F; — {mk})(V° ~V?°)
= £(V° ~ V) 4 (F; — {mk})(V° ~ V°) 4 (Il = M)
A simple constraint set, 7, is defined to be afinite subset of II, = € P, (II). A complex constraint, 7, is an el ement of
1. Welet 7 range over simple constraints sets, and # range over complex constraints. A simple constraint is said to
be staticif itisasubset of IT — {get }(V°). A complex constraint is said to be static if it isa boolean combination of
elementsfrom I — {get}(V°). Notethat by (S), static constraints propagate through any contextual assertion.

It would perhaps be more symetric if we defined simple constraintsto be conjunctionsof constraints. Thereason we
define them to be sets constraintsisto facilitate a single definition, in particul ar 7 below. Modul o thisone definition,
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the reader may reasonably assume that = is afinite conjunction of elements from II. Thus any simple constraint set is
equivaent to asinglecomplex constraint. Notethat aconstraint set isafinitecollection of formulas of theformvg ~ v
or =(vg ~ vq) Of

{get, atom?, cell?, lambda?}(vg) ~ v;.
Negations of the latter are not needed since —(¥(vy) ~ v1) can berewritten as {¥(vg) ~ z, (2 ~ v1)} for z fresh.

We sometimes abuse notation and identify 7 with the conjuction of its members, hence treating a simple constraint set
as aspecia type of complex constraint.

Definition (Cells(w)):  Cells(w) is the subset of FV () defined by

Cells(w) = {z € FV(x)

7 = cell?(z) ~ t}.

If € Cells(7), then z must be interpreted as a cell. To express the constraints implicit in a memory context I' we
define for any = the extension of 7 by I' relative to a given set of variables X to be 7 :

Definition (7):  If X € P, (X — Dom(T)) and FV(7) N Dom(T') = (), then we define =% as follows

L = 7T U Teells U Teontents U Tdistinet

Teells = {cell?(z) ~t | z € Dom(T')}

Teontents = 18et(z) ~I'(2) | z € Dom(I')}

Tdistinet = {(z~y) |y €FV(x)UXU (Dom(l') - {z}),z € Dom(T)}.

5.1 TheFirst Completeness Theorem

We begin by proving a quantifier free version of the main theorem. The full version isthen asimple generalization.

Theorem (Completeness—1):  If & € W° isfirst order and is quantifier free, then there is a complex constraint
such that

F7T & @
Note that by using propositiona cal culus together with (P.ii) (i.e. the principle
FL[®; = ®1] < (L[®] = L[®1]))
it suffices to demonstrate the theorem when & is of theform

Ll[[LQ[[. . Ln [[60 ~ 61]] .. ]]]]
N—— ———

n>0
For thisreason we define
L*={e}+ let{X = }L*

and let L* range over L*.

The proof of the compl etenesstheorem invol vesthe symbolic eva uation of arbitrary formulasand expressions, with
respect to asuitable set of constraints, to acanonical form. The symbolic evaluation of an expression, with respect to a
set of constraints, requireskeepingtrack of threethings: the newly alocated memory; themodificationstotheoriginal
memory (described by 7); and the remaining computation. The remainder of a computation is simply an expression.
The newly allocated memory issimply amemory context. The modifications to the original memory are represented
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by another specid kind of context called a modification, M. We begin by defining relativeto afixed constraint set = a
symbolic reduction relation = . It is defined in such away that:

Contexts: (L*o[[q)o]] iim— L*l[[q)l]]) |mp||e’5 Fr = (L*QH(I)Q]] < L*l[[q)l]])
and

Expressions. (e >y €1) implies F 1 = g~ €.

The definition reguires the notion of a modification and the corresponding decomposition of contexts and expres-
sions. The effects that the evaluation of an expression has on the origina memory, described by constraints, are rep-
resented by contexts called modifications. They are simply sequences of assignments to variables that are not in the
domain of the memory context, but are assumed to be cells.

Definition (M odifications): A modification, M, is a context of the form
seq(set(z1,v1),...,set(2zn,vn), @)

where z; = z; impliesi = j. We define Dom(M) = {z1,...,2,} and (in anadogy with I'(z)) M(z;) = v; for
1=1,...,n.

5.2 =#-Reduction

Inanal ogy to thesemantic reduction relationswe define — ., and — .. Inorder to ensure that definitionsare meaningful
weintroducethenotion of coherence. Roughly aconstraint and apair of memory and modification contextsare coherent
(written Coh(, I'; M)) if Dom(I') N FV(7) = 0, modificationsin M are to elements of Cells(x), = decides equality
on Cells(), distinct elements of Dom(M) are provably distinct in 7, and 7 contains et most one get assertion for any
z in Cells(w). (Thelast condition is a technicality to make various definitions and proofs simpler.)

Definition (Coherence):  If I'isamemory context and M isamodification as above then we say (7, T'; M) is coher-
ent, written Coh(w, T'; M), if the following five conditions hol d:
(1) Dom(T)NFV(m)=10
(2) Dom(M) C Cells(w)
(3) If xg, 21 € Dom(M) aredistinct, then = |= —(zg ~ 21).
(4) Ifag, 2y € Cells(w), thenw = (29 ~ 1) Or 7 = (20 ~ 21).
(5) If z € Cells(w), thenthereisat most oneformula(get(z) ~ v) € wwithw |= (2 ~ z),andif (get(z) ~ v) € 7,
then 2 € Cells(w).
We write Coh(w, M) for Coh(w,I'; M) when Dom(I') is empty, when Dom(M) is empty we write Coh(x,T') for
Coh(w,T'; M), and when Dom(I') and Dom(M) are both empty we write Coh(7) for Coh(x, I'; M).
One use of the notion of coherence isto ensure the simplicity of the following definition of 7. If a modification,
M, and aconstraint set, «, are coherent, then the modification of 7 implicitin M is made explicitin 7. To construct
mym from = we first remove the set of dl assertions in = concerning contents of cells that are mutated by M. The set
removed is referred to as mro.ge: and is well defined by virtue of coherence. Then we add to 7 — mropger the set of
assertions, Tassign CONCErning the cells updated by M.

Definition (wum):  For Coh(w, M) we define my asfollows

™ = (7T - ﬂ'forget) ) Tassign
Tassign — {get(z) ~ v | M(Z) =v,z € DOHl(M)}
(3z € Dom(M))(7 =z ~ 2)}

Tforget — {(get(z‘) ~ U) en
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Definition (M{z := mk(v)},):  Supposethat M isamodification, Coh(w, M) and z € Cells(w). Then M{z :=
mk(v)}, isdefined to be the modification M’ with Dom(M’) = Dom(M) U {z}, and for 2’ € Dom(M')

wien = {1 T

Definition (eq —, e1): Assume that Coh(w,T; M) and that #/ = (#r)m. Then the reduction relation s 0N
expressionsisthereflexive transitive closure of —, given by:
(8,) T[M[R[app(Az.€,v)]]] —r T[M[R[e®="]]]

[[M[R[t]]] ifr’ Er(v)~t
() TIMR[r(v)]]] == {F[M[R[nil]] if 7’ = 7(v) ~nil

]
PIMR[e]]  if 7’ = Wi (vo, v1),
(eq)  TIM[Rleq(vo, vi)ll] == {I‘[M[R[nil]]] if 7/ = =W, (v, v1)

Wy(vo,v1) :=wo ~v1 A atom?(vg) ~t A atom?(v1) ~ t

(br)  T[M[R[br(vo, v1,v2)]]] —n { g%g{zjﬁ o I'z ;0(1:3 ~2i1)

(mk) T[M[R[mk(v)]]] —» [{z := mk(v)}[M[R[z]] = fresh
(get) T[M[R[get(2)]]] == FM[R[v]]]  if 7" =get(z) ~v

I'{z := mk(v)}[M[R[nil]]] if z € Dom(T)
(s2)  TM[R[set(z, v)]]] ~= { T[M{z = (mk)(v)}W[R[nil]]] if 7 = ce117(z) ~ t

providedr € T

Definition (L*o[®o] —» L*1[®1]): Assumethat Coh(w, T'; M). Then thereduction relation . on formulasisthe
reflexive transitive closure of — . given by:

(va) T[M[let{z := v}e]][®] —, [[M][®1*="1]
(red) T[M[let{z := e}L"]][®] —= T1[Mi[let{z := e }L*]][®]
provided I'[M[e]] —» I'1[Mi[e1]]

Lemma (Coherence):  Coherenceis preserved by syntactic reduction.
The Context Modification Introductionlemma, (CM 1), generalizesthe contextual assertionsconcerningmk and set
to arbitrary memory—modification contexts pairs.

Lemma(CMI): If Coh(w,T'; M) and X = FV(T'[M[R]]) U FV(x) then

Fa = CMR]I(7 m]-

Proof (CMI): Let

Teells = {cell?(z)~t | z € Dom(T')}
{get(z) ~I'(z) | z € Dom(I')}
{~(z~y) | y € XU (Dom(T') — {z}),2 € Dom(I")}.

Tcontents

Tdistinct
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Suppose without loss of generality that:
I' =let{z; :=mk(nil)}...let{z, := mk(nil)}
seq(set(z1,v1),...,s€et(zn, vp), @)
M = seq(set(z1,v}),...,set(zm,v),), )
Then
Fr = let{z; :=mk(nil)}...let{z, := mk(nil)}x]
by (S) and propositional logic (P)
Fr = let{z; :=mk(nil)}...let{z, := mk(nil)}[7ces U Tdistinct]
by (S), (nk.i) and propositional logic (P)

FaU Teells U Tdistinet = Seq(set(zh‘vl);

set(zn, Un), ®) [T U Teells U Tdistinet U Teontents)
by (S), (set.ii), (set.i) and propositional logic (P)
Thus by the above and (P.cut)
Fr = I[r8]

Now by coherence we may split 7 into two digoint sets 7 and o gt SO that
(@) forany (v~ get(w)) € #’ wehavethat 7’ |= —(x ~ w) for every x € Dom(M) = {z1,...,2n}.

(b)  Trorger CONtainsonly thosestatementsof theform (v ~ get(w)) suchthat thereisanz € Dom(M) = {z1, ...

such that 7’ = & ~ w. Thus
F 7' U Teens U Tdistinet = seq(set(zq,v]),...,set(zm, v),), )[7" U Teens U Taistinet |
by (S), (set.ii), (set.i), (a.) and propositional logic (P)
Fa' = seq(set(z1,v]),...,set(zm,v),), ) [{get(z:) ~v;i |i=1,...,m}]
by (S), (set.ii), (set.i), and propositional logic (P)
Thus by the above, (P.cut) and (C.rdx)
Fr = CIMRN[(7)u]

Ocwmi
A simple but useful corollary of (CMI) is the following:

Corollary (cmi):
If Coh(x,I;M), and F (ar)m = Te, then Fx = [T[M[R[e]]].

Proof (cmi):

(1) F7 = IIMR][(r)m] by (CM1).

(2 F(mr)m = Te by assumption.

3 Fx = TMR]e] by the abovetwo facts and (P.cut).
(4 Fx = TM[R]|[seq(e, False)] by definition.

(5) k7 = seq(T[M[R[e]]], [False]) by repeated application of (C.r)
(6) Fx = TTM[R[e]]] by definition.
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Ocmi
Before we state the key lemmas, we require one last set of definitions. Syntactic reduction is defined so that if =
contains enough information concerning the nature of the free variables of e, then

e =x TM[e']),
and either ¢/ = v or else ¢’ corresponds to a stuck state, one that cannot reduce due to simple type mismatches.

Definition (7-stuck state):  Anexpression e issaid to be 7-stuck stateif ¢ can be writtenas '[M[R[e’]]] for some T,
M, ande’, suchthat ¢’ € {get(v),set(v,v')}, and (ar)m |E cell?(v) ~ nil.

An expression e is said to reduce to aw-stuck stateif e =, ¢/, and ¢’ isar-stuck state. Similarly aformulaL* [®]
issaid to reduce to a w-stuck state if

L*[®] &, T[M[let{z := R[e']}o]][®']

Coh(w, T'; M), and [[M[R][¢']] isan-stuck state.
In order to formalize the notion of a constraint set = containing enough information, we make the following defi-
nitions. A accessor chain of length n isareduction context of theform

where d; € {get} Note that an accessor chain of length 0 isjust e. Findly we define the notion of n-completeness
for congtraint sets relative to afinite set of variables and atoms, [z, A]. Theideaisthat such aconstraint set contains
sufficient information to compl etely determine the eval uation of any expression of size lessthan n built from the given
variables and atoms.

Definition (n-Completew.rt. [z, A]):  « isn-complete w.r.t. [z, A] if for every ©, ©, accessor chains of length
<n,and y,yo € z,if 7 = Oy] ~ vand 7 = O¢[yo] ~ vo, then

1) =Er(v)~t or wfF7(v)~nil reT

2 mFEv~a o 7E-(v~a) acAU{t,nil, v}

(8) whEcell?(v) ~t implies (Jvg € V)(7 = get(v) ~ vg)

(4 7k cell?(v) ~nil implies —(Jvg € V)(7 |= get(v) ~ vg)

Definition (Atoms(Z)): If Z C E, then Atoms(Z) isthe set of atoms occurringin Z.

5.3 TheMain Lemmas

The followingfivelemmas enable a straightforward proof of the compl etenesstheorem. Lemmas 0., 1., 3., and 4. hold
for the full language, while Lemma 2. holds only for those expressions which are first order.

Lemma(0): If #; and #; are complex constraints, then

’:‘7’0':’71’1 iff Fay = 7.

Lemma (1):
(i) Ife, e thenk7m = en~e'.
(i) 1f L*[®] =, L*'[®], thenF 7= = (L*[®] < L*'[®']).

Lemma(2): Assumee, L*[®] arefirst order, FV(e,L*) C X, Atoms(w, e, L*) C A and that m € N.
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(i) Ifwis(zx(e) + m)-completew.r.t. [X, A] and Coh(r), then either e reduces to a w-stuck state, or elsethere exists
amemory context I, amodification M, and av such that e +>, ['[M[v]], Coh(w, I'; M) and (7 )y is m-complete
w.rt. [XU Dom(T'), A U Atoms(v)].

(i) M xis(x(L*)+m)-completew.r.t. [X, A] and Coh(w), then either L* [®] reducesto a -stuck state, or elsethere

exists amemory context I', amodification M and a substitution o such that L* [®] +=, T'[M][®°], Coh(x, T'; M)
and (7r)um is m-completew.rt. [X U Dom(T"), A U Atoms(Rng(o))].

Lemma (3): Forany consistent =, z, A € P, (A), andn € N thereexists N € N and afamily of constraint sets
{mi}; < Suchthat

(i) Eachm; isn-completew.r.t. [Z, Atoms(7;, A)], and Coh(m;).

(i) Fm < (Vieym)

Lemma(4): Supposew ande; = I';[M;[v;]], ¢ < 2, are such that Coh(w, T';; M;) for i < 2, and = is 1-complete
with respect to [FV(eg) UFV(ey), Atoms(eg, e1)]. Then there are static complex constraints #; and #;; such that

0] Fr = (i © e ~e1)

(i) Fa=> (fi © e Zep)
5.4 Proof of Completeness— |
Proof (Completeness—1):  Fixaparticular L*[eq ~ e;] and It FV(L*[eg ~ e1]) = X and Atoms(L*[eg ~ e1]) =
A. By propositiond logic and lemma (3) we need only show that thereis a complex constraint # such that
Fr = (7 & L*[®])

assuming that = ism-completew.r.t. [X, Atoms(w, A)], and Coh() for suitably largem (m > 14+r(L*)+max(r(eo), r(e1)).
Now by lemma (2.(ii)) either L*[eq ~ ;] reducesto ax-stuck state, or el se there existsamemory context I, a modifi-
cation M and asubstitutiono such that L*[[eq ~ €] For T'[M][(eo ~ €1)7], Coh(w,T; M) and (ap)m IS (m —r(L*))-
completew.rt. [X UDom(T'), A U Atoms(Rng(o))]. We consider these two cases in turn:

(1) SupposeL*[eq ~ €] reducesto a =-stuck state:
L*[®] =, T[M[let{z := R[]} o]][®'] Coh(w, ;M) and T[M[R[e']]] is aw-stuck state.

Hencee’ € {get(v),set(v,v')}, and (rr)m | cell?(v) ~ nil. Inthissituation using lemma (0), the axioms for
undefinedness, (U), and corollary (cmi) we have that

Fa = 1TM[R[T]]

Thusby this (withR = let{z := R[e1]}e3) and (P) we obtain
Fr = [[M[let{z := R[¢/, L*]]][®']
Frx = L*[eg~e1]  bylemma(d.(ii)

Thus any tautological complex constraint 7 will suffice. Oy

(2) Suppose L*[eq ~ €1] +=r I'[M][(e0 ~ €1)7] = T[M][e§ ~ €], Coh(x, ;M) and (ar)u is (m — r(L*))-
completew.r.t. [X UDom(T'), A U Atoms(Rng(o))]. Now

Fr = L*[eq ~e1] & T[M][(e0 =~ e1)7] by lemma (1a).
Fx = TM][(zr)m] by lemma (CMI).
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Now let 7' = (7 )M thenby lemma(2.(i)), fori < 2, either ¢ reducesto an’-stuck state, or el sethere existsamemory
context I';, amodification M;, and av; such that e+, I';[M;[v;]] and Coh(=’, T';; M;). Thus apriori there are three
cases to consider: when e and e both reduce to «'-stuck states; when exactly one of ef and e§ reduce to a«’-stuck
state; and when neither e nor ¢f reduces to a #’-stuck state.

(2a) Supposee] and 7 bothreduceto 7’-stuck states. Thuse? ./ [;[M;[R[e!]]], and e} € {get(v), set(v,v')},
with (7., )m, | cell?(v) ~ nil. Inthissitutaion we can use lemma (0), the axioms for undefinedness, (U), and
corollary (cmi) we have that

Fa' = 1T [M;[R[e]]] fori < 2
And so by lemma (1.(i)) and the rules concerning undefinedness, (U),

Fa' = e ~e] Thus F 7 = L*[eg =~ e1]

and so again any tautological complex constraint suffices. Oga.

(2b.)  Suppose, without loss of generdity that only e reduces to a stuck state. Thus e+, T'o[Mo[R[e4]]], and
eg € {get(v),set(v,v')}, with (7[-)m = cell?(v) ~ nil. Again we uselemma (0), the axioms for undefinedness,
(U), and (cmi) we have that

Fa’ = 1To[Mo[R[ef]]]
Fa' = e

Now on the other hand there exists a memory context I';, amodification M, and av; such that 7 +=,, T'1[M;[v]].
Thus

Fa' = | Ty[Mi[v1]] using Coh(x’, T'1; M1 ) and (U)

Fa = |ef by lemma (1.(i))

Fa' = —(ef ~e7) by the aboveand (U.i)

Fr = L'[-(e0 = e1)] by the aboveand (P.cut)

Fr = —L*[e0 ~ ei1] by (P.not) andsincet 7 = —L*[False]

Thus any tautologically false complex constraint # will suffice. Oayp.

(2c.)  Supposeneither e§ nor e reducestoan’-stuck state. So by assumptionfor i < 2 thereexistsamemory context
I';, amodification M;, and av; such that e ~ . T';[M;[v;]] and Coh(x’, I';; M;). Thus

Fal = (e ~Ti[M[v;]]) by lemma(L(i)).
Fa' = (e ~ef < (Io[Mo[vo]] = I'1[M1[v1]])).
Thus
Fr = (L'[eo > e1] & (FM][To[Mo[vo]] ~ I's [M1[v1]]]))
Consequently by lemma (4) we obtain the desired 7. Note that by (S), and coherence we have
Fr = I'M[7] & 7

since the 7 provided by lemma (4) is static. Ozc. Oc—1
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5.5 Proofsof the Lemmas

Lemma(0): If 7y and 7, are complex constraints, then

171'0':’71'1 iff Fay = 7.

Proof (0):  Nelson and Oppen [41]. Do

Lemma (1):

(i) Ifesy e thenk7 = en~e.

(i) If L*[®] &=, L*'[®],thenF 7 = (L*[®] < L*'[®]).

Proof (1): It suffices to show that if Coh(w, I'; M), then

(i) TM[e]] =, I'[M[¢']] implies F 7 = (C[M[e]] ~ I'[M'[e']])

(i) TM][®]~, ['[M][®] implies F 7 = (I'M][®] < ['[M'][®])

Let 7' = (wr)m and observe that the proof naturally dividesinto cases corresponding to the definitions of . We
begin by proving (1.(i)).

Proof (1.(i)):

(By) Assumethat e = R[app(Az.€q, v)]. Inthiscase:

F app(Az.eq,v) ~ eot®=v} by axiom (E.v).

F 7' = app(Az.eq,v) ~ etz =vt by axioms (P).

Fx = [[M[R]][app(Az.€0, v) ~ eo1®=}] by lemmas (CM1), and (P.cut).
Fx = [[M[R[app(Az.co,v)]]] ~ T[M[R[eo!=="1]] by axioms (P), and (C.ii).

(r) Assumethat e = R[r(v)] for r € T. In thiscase:

' Er(v) ~b by assumption, forb € {t,ni1}.
Fa' = r(v)~b by lemma (0).

Fa = TM[R]][7(v) ~b] by lemmas (CM1) and (P.cut).
Fa = T[M[R[r(v)]]] ~ T[M[R[b]] by axioms (P) and (C.ii).

(eq.t) Assumethat e = Rleq(vg,v1)] and ¢/ = R[t]. Inthiscase:

7 | Wy (vo, v1) by assumption.

7 E vy ~v1 A atom?(vg) ~t A atom?(v1) ~ t by definition of ¥.

Fa' = (vo ~vi A atom?(vg) ~ t A atom?(vy) ~ t) by lemma (0).

F 7' = eq(vo,v1) ~t by axiom (eq.ii).

Fx = T[M[R]][ea(vo, v1) ~ t] by lemmas (CM1) and (P.cut).
Fa = T[M[R[eq(vo, v1)]]] ~ TIM[R[t]]] by axioms (P) and (C.ii).
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(eg.nil)  Assumethat e = R[eq(vo, v1)] and ¢’ = R[nil]. Inthiscase

7 | =W, (vg, v1) by assumption.

7 | =(vg ~ v1 A atom?(vg) ~t A atom?(vy) ~ t) by definition of V.

Fa' = =(vg~v1 A atom?(vg) ~t A atom?(vy) ~ t) by lemma (0).

Fa' = —(eq(vo,v1) ~ t) by axiom (eq.ii).

F 7' = eq(vo,v1) ~nil by axioms (eq.i) and (P).

Fa = T[M[R]][ea(vo, v1) ~ nil] by lemmas (CMI) and (P.cut).
Fa = T[M[R[eq(vo, v1)]]] ~ T[M[R[nil]]] by axioms (P) and (C.ii).

(brt) Assumethat e = R[br(vg, v1,v2)] andthat #’ = =(vg ~ nil). Inthiscase

7 | =(vg ~ nil) by assumption.

Fa' = =(vo ~nil) by lemma (0).

F 7' = br(ve,vi,v2) ~ v1 by axioms (br.ii) and (P).
Fa = T[M[R]][bx(vo, v1,v2) ~ v1] by lemmas (CM1) and (P.cut).
F o = T[M[R[bx(vo, v1,v2)]]] ~ T[M[R[v1]]] by axioms (P) and (C.ii).

(br.nil)  Assumethat e = R[br(vg, v1,v2)] and that ' = vy ~ nil. Inthiscase:

7’ | vy ~nil by assumption.

Fa' = vy ~nil by lemma (0).

F 7' = br(ve,vi,va) ~ vg by axioms (br.i) and (P).

Fa = T[M[R]][bx(vo, v1, v2) ~ v2] by lemmas (CM1) and (P.cut).
-7 = TIM[R[bx(vo, o1, v2)]]] ~ T[M[R[v] by axioms (P) and (C.i).

(mk) Assumethat e = R[mk(v)]. Inthiscase:

F R[mk(v)] ~ let{z := mk(v)}R[2]
for z fresh, by axiom (E.vi).

F T[M][R[mk(v)] ~ Let{z := mk(v)}R][z]]
by rule (C.i).

F T[M[R[mk(v)]]] ~ T'[M[let{z := mk(v) }R[z]]]
by axiom (C.ii).

- T[M[R[m(0)]]] ~ T[Let{> = k(o) }M[R[:]]]
by axioms (E), (C.i), and (uk.ii).

F T[M[R[mk(v)]]] ~ [[let{z := mk(nil)}seq(set(z,v), [M[R[z]]])]
by axioms (set.v), (C.i) and (E).
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- D[M[R[mk(v)]]] ~ [{z := mk(v)}[M[R[2]]
by axioms (uk.ii), (C.i) and (E).

7 = T[M[R[nk(2)]]] ~ T{z = ni(v) }[M[R[2]]
by axioms (P).

(get) Assumethat e = R[get(z)] and e’ = R[v]. Inthiscase:
7 | get(z) ~v
Fa' = get(z)~v
Fx = T[M[R]][get(z) ~ v]
F 7 = I[M[R[get(2)]]] ~ I[M[R[v]]

(set) Assumethat e = set(z,v).

F set(z,v) ~ seq(set(z,v),nil)
by axioms (E.v), (C.ii), (set.i), and (P).

Fx = T[M[R]][set(z,v) ~ seq(set(z,v),nil)]
by lemmas (CMI), (P.cut), and (P).

Fa = T[M[R[set(z,v)]]] ~ T[M[R[seq(set(z,v),nil)]]]
by axioms (C.ii), and (P).

Fx = T[M[R[set(z,v)]]] ~ T[M[seq(set(z,v), R[nil])]]
by axioms (E.vi), (P), (C.i), and (E).

by assumption.

by lemma (0).

by lemmas (CM1) and (P.cut).
by axioms (C.ii) and (P).

Now we consider two cases: z € Dom(T'); and z ¢ Dom(T"). In the former case we have;

F 7 = T[M[R[set(z,v)]]] ~ T[M[seq(set(z,v), R[nil])]]
by the above.

F 7 = T[M[R[set(z,v)]]] ~ I'[seq(set(z,v), M[R[nil])]]
by axioms (set.iii), (P), (C.i), and (E).

F 7 = T[M[R[set(z,v)]]] ~ T{z := mk(v) }[M[R[nil]]]
by axioms (set.iii), (set.iv), (C.i), (P), and (E).

Inthe latter case we have:

F 7 = T[M[R[set(z,v)]]] ~ T[M[seq(set(z,v), R[nil])]]
by the above.

Fx = ['[M[R[set(z,v)]]] ~ T[I'[M{z := mk(v)},[R[ni1]]]]
by axioms (set.iii), (set.iv), (C.i), (P), and (E).

Oi1a
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Note that in every case other than (mk) and (set) we actually provethe stronger result that
C[M[R[e]]] = C[M[R[¢']] implies F 7 = T[M[R]][e ~ €].
Thisisuseful in the proof of the second part of the lemma.
Proof (1.(ii)):  Assume that Coh(w, I'; M). Then we have two cases:

(va) T[M[let{z := v}e]][®] —, [[M][®1*="1]
(red) T[M[let{z := e}o]|[®] —r [1[M;[let{z := e }o]][P]
where T[M[e]] = T'1[M1[e1]]

(val) Inthiscase:

Flet{z := v}[®] & di==v} by axiom (C.iv).

Fal = let{z := v}[®] & ®i==v} by axioms (P).

Fa = T[M][let{z := v}[®] & ®1==v}] by lemmas (CM1) and (P.cut).
Fr = [[M][let{z := v}[®]] < [[M][®{==}] by lemma (CMI).

Fa = I[M[let{z := v}o]][®] « I[M][®1*="1] by definition.

(red) Herewe consider three separate subcases depending on the nature of the reduction T'[M[e]] —, T'[M’[¢]]. If
thisdoes not involve (mk) or (set), then by the stronger version of lemma (1.(i)) we have that

Fx = C[M][e~ €.
Thus by axioms (C.iii), (P), and lemma (P.cut) we obtain the desired conclusion:
Fa = ([[M[let{z := c}o]][®] & T[M[let{z :=¢'}e]][®]).
Thuswe are only left with the cases when the reductionsinvolves (mKk) or (set).
(mk) Let R[e;, o] abbreviatelet{z := ; }e5. Inthiscase we need to show that
F#x = (PM[R[mk(v), o]]][®] < I'{z:=mk(v)}[M[R][z, o]]][®]) for z fresh.
To thisend:

F T [M[R[mk(v), o]]][®] < T'[M[let{z :=mk(v)}R][z, o]]][®]
by axioms (C.v), (P) and rule (C.i).
F TM[R[mk(v), o]]][®] < T'[let{z := mk(v)}[M[R][z, o]]]][®]
by axioms (mk.iii) and (P).
F TM[R[mk(v), o]]][®] < T[let{z := mk(nil)}seq(set(z,v), }[M[R]z, o]]]][®]
by axioms (set.v), (C.iii) and (P) and rule (C.i).
F L[M[R[mk(v), o]|][®] < I'{z :=mk(v)}[M[R[z, o]]][®])
by (uk.iii) and (P).
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(set) Aganlet R[ey, e;] abbreviate let{z := e;}es. Inthiscase ¢ = set(z, v) and we must consider two possi-
bilities, either z € Dom(I') or not. In the former case we must show:
Fx = (T[M[R[set(z,v), o]]][®] < T['{z :=mk(v)}[M[R[nil, ¢]]][®])
Whilein the latter case we must show
F7x = (T[M[R[set(z,v), o]]][®] < [[M{z :=mk(v)}, [R[nil, ]]][®])
In either case we begin by observing that:
F set(z,v) ~ seq(set(z,v),nil) by axioms (E.v), (C.ii), (set.i), and (P).
F R[set(z,v), o][®P] < R[seq(set(z,v),nil), e|[P] by axiom (C.iii).
F R[set(z,v), o][P] < seq(set(z,v), R[nil, e])[¥] by axioms (C.v), and (E).
Far = M[R[set(z,v), o]][®] & M[seq(set(z,v), R[nil, e])][®]
by axioms (P), (C.i), and (C.ii).
F7r = M[R[set(z,v), o]][®] & seq(M[set(z,v)], R[nil, e])[®]
by axioms (P), and (C.v).
Now the latter case issimple since
F M[set(z,v)] ~ M{z := mk(v)},[nil]
by the proof of lemma (1.(i)).
Far = (M[R[set(z,v), o]][®] < seq(M{z:=mk(v)} [nil], R[nil, e])[®])
by axioms (P), and (C.iii).
Far = (M[R[set(z,v),e]][®] & M{z :=mk(v)} [R[nil, e]][®])
by axioms (C.iv), (P), and (C.iii).
-1 = (TM[R[set(z, v), o[J[0] & T[M{z :=mk(v)},[RlniL, o]]J[8])
by (P.cut) and (P).
Now in the former case we have:
Far = M[set(z,v)] ~ seq(set(z,v), M[nil])
again by the proof of lemma (1.(i)).
Far = (M[R[set(z,v),o]][®] & seq(set(z,v),M[nil],R[nil, e])[®])
by axioms (P), (C.iii), (C.i), (C.v).
Far = (M[R[set(z,v), o]][®] & seq(set(z,v), M[R[nil, ¢]][®]))
by axioms (C.iii), (C.iv), (C.i), (C.v) and (P).
Fx = (T[M[R[set(z,v), o]]][®] < T[seq(set(z,v), M[R[nil, o]][®])])
by lemma (P.cut) and axioms (C.ii) and (P).
Fx = (T[M[R[set(z,v),]]][®] < T'{z := mk(v)}M[R[nil, ¢]][®])

by axioms (uk.i), (set.iii) (set.iv) (C.v) and (C.iii).
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D1 (i) Th

Lemma(2): Assumee, L*[®] arefirst order, FV(e,L*) C X, and Atoms(m, e, L*) C A.

(i) Ifwis(zx(e) + m)-completew.r.t. [X, A] and Coh(r), then either e reduces to a w-stuck state, or elsethere exists
amemory context I', amodification M, and av such that e +, ['[M[v]], Coh(x, T'; M) and (7 )u iSm-complete
w.rt. [XU Dom(T'), A U Atoms(v)].

(i) M xis(x(L*)+ m)-completew.r.t. [X, A] and Coh(w), then either L* [®] reducesto a -stuck state, or elsethere

exists amemory context I', amodification M and a substitution o such that L*[®] =, I[M][®°], Coh(x, I'; M)
and (7r)um is m-completew.r.t. [X U Dom(T"), A U Atoms(Rng(o))].

Proof (2):  Theseboth follow from thesimpleobservationthat if e —, e’ and  iS(r(e) +m)-complete w.rt. [X, A],
then 7 is(z(e’) + m)-completew.r.t. [X, A]. O

Lemma (3): Forany consistent =, z, A € P, (A), andn € N thereexists N € N and afamily of constraint sets
{mi}; <y suchthat

(i) Eachm; isn-completew.r.t. [Z, Atoms(7;, A)], and Coh(m;).

(i) Fa < (Vienym)

Proof (3):  Suppose that = is consistent but not n-complete w.rt. [z, Atoms(A)]. Pick ©,©, accessor chains of
length < n,and y, yo € Z suchthat = |= O[y] ~ v and = |= Og[ye] ~ vo and one of the conditions(1), ..., (4) fals.
We repair each possible failurein turn. If condition (1) failsthen

Fr e (tU{r(v)~t}) V (7U{r(v) ~ nil}))

by (r.i), for 7 € T. If (2) failsthen
Fr e (rU{v~a)) V (7 U{-(v~a)})

by propositiond logic (P), for @« € AU {t,nil, vo}. If (3) failsthen
Fr oo (7U{get(v) ~ 2})

for z fresh, by (U.iv) and existential elimination (3E). If (4) fails, then = isinconsistent by (U.iv) and (31). This con-
tradicts our initial assumptions. Thusin each (possible) case it is possibleto enlarge = or branch and enlarge so as to
recitfy thisparticular failure. Generating the required family {=; | i < N}isnowtrivia. Og

Lemma(4): Supposew ande; = I';[M;[v;]], ¢ < 2, are such that Coh(w, T';; M;) for ¢ < 2, and = is 1-complete
with respect to [FV(eg) UFV(ey), Atoms(eg, e1)]. Then there are static complex constraints #; and #;; such that

0] Fr = (7 < e ~e1)
(i) Fa= (i & e Zep)

Proof (4): DefineM[ asfollows:

MP(z) = {Mi(w) if we Dom(M;)and 7 = w ~ 2

w if 7 = w ~ get(z) and (Vy € Dom(M;))(7 = =(z ~ y))

The supposition that Coh(w, I';; M;) and = is 1-complete with respect to [F'V(e; ), Atoms(e; )] suffice to ensure that
M7 is defined on Cells(w). Actualy M7 as defined is arelation modulo 7-equivaluedness, but this suffices for our
pUrposes.
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(4.())) Without loss of generality we may assume that Dom(T'y) and Dom(T'; ) aredisjoint and of the same cardinal-
ity, [Dom(I'o)| = |Dom(I'1)| Since otherwise any tautologically false static constraint would suffice. Now for each
bijection

f :Dom(Ty) — Dom(Ty)
define 7 to be the set
{ai ~ f(x:), To(ai) ~ T1(f(2:)), M (2) ~ M7 (z),v0 ~ v1 | 2; € Dom(Lg), z € Cells(m)}
Observethat 7; isaset of static constraints. The desired static complex constraint isjust
#=\/{r; | f: Dom(Iy) — Dom(I'y)  abijection}
Os (i)

(4.(i1)) Thiscaseisdlightly more complex than the previous one. We begin by defining two increasing sequences,
{6} | j € N}, of subsets of Dom(T;) for i < 2 by induction.

85 = Dom(T;) N FV(M;[v;])
and having defined & we define 6!, , by:
6§+1 = 6]2: U{z € Dom(l';) | (3= € 6;)(2 e FV(T;(2))}

Put 6* = |J; ¢ ;- Weclaim that Dom(I;) — & isprecisely the garbage created by ;. Consequently we may assume

that the two sets §° and 6* are disjoint and of the same cardinality, |§°| = | §'|, since otherwise any tautologically static
constraint would suffice. We now proceed in the same fashion asin the previous case. for each bijection
f . 60 N 61
define 7y to be the set
{i ~ f(:), To(xi) = T1(f(2:)), Mj(2) = M7 (2),v0 = v1 | 2; € Dom(Ig), z € Cells(m)}
Observethat 7; isaset of static constraints. The desired static complex constraint isjust
iy = \/ {m; | f:6°— 6"  abijection}

O (i)

6 The Second Completeness Theorem

We now demonstrate that the quantifier free assumption can be eliminated from the completeness result of the previous
section.

Definition (IT):  The set of quantified constraints, i1 is defined by:

= (VO ~ Vo) + (IF; — {mk})(V® ~ V) + (Il = M)+ (vVX)II

Theorem (Completeness—11):  If & € W isfirst order, then thereis a quantified constraint # such that

Fr e @
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Proof (Completeness—I1):  We provethisby inductionon the quantifier rank of our first order ®. The only new case
we need to consider in thismore general situationis how to simplify aformulaof theform L[(V«)®,]. Fix aparticular
L*[(V2)®] and let FV(L*[(V2)®]) = X and Atoms(L*[(V2)®]) = A. By propositional logic and lemma (3) we
need only show that there is a complex constraint # such that

Fr o= (7 o L*[(Vo)®])

assuming that = ism-completew.r.t. [X, Atoms(w, A)], and Coh(r) for suitably largem (m > 14+r(L* )+ max(r((Vz)®)).
Now by lemma (2.ii) either L* (V2 )®] reducesto anr-stuck state, or el sethereexistsamemory context I', amodification
M and asubstitution o such that L*[(Va)®] =, T[M][((Vz)®)’], Coh(w, I'; M) and (p)u is (m —r(L*))-complete
w.r.t. [XUDom(T'), A U Atoms(Rng(c))]. We should point out that we are not using amore general version of (2.ii)
than the one stated, since there are no restrictions on the formulainsi de the contextual assertion.

Thefirst case proceeds exactly asin the proof of thefirst compl eteness theorem. We areleft to deal with the second
case.

(2)  Suppose L*[(Vz)®] +=, F[M][[((Vl)q))o]] = I'[M][ef ~ €], Coh(w, ;M) and (7r)um is (m — r(L*))-
complete w.rt. [X UDom(T'), A U Atoms(Rng(o))]. Now

Frx = (L*[(Vz)®] <& CM][((Vz)®)7]) by lemma (1a).

Also note that:
FTM][((Vz)®)°] < TM][(Vz)(27)] given obvious hygene assumptions.
FTM][(Vz)(®7)] < T[(Ve)M[(27)]] by repeated application of (Q.iv) and its converse
FT[(V2)M[(@)]] & ((Ve)M[@7)]) A M A (@) =)

z€Dom(I")

by repeated application of (Q.v) and its converse
We are now in a position to apply the induction hypothesisto obtain:
F o < TM[(27)]]

F#oe DML A\ (@)=
z€Dom(T")

Consequently
Fro= (L[(Y2)@] & ((Yx)io A 1))

and thus we reach the desired conclusion. O
To obtain the desired correspondence between the proof theory and semantics we have to elaborate on the first
lemma. We need an andysis of the theory of thosefirst order structuresin the language

{get,atom?, cell? lambda?}
which satisfy the principlesenumerated in §4. Thistheory isknown to be decidable, indeed the weak monadic second
order isshown to bedecidablein Rabin’slandmark S2S paper [48]. Consequently we may conclude that the provabilty
of afirst order ® € W° isdecidable.
7 Conclusions, Directionsand Future Work

In this paper we have continued our investigationsinto a Variable Typed Logic of Effects that began in [34, 23, 35, 37,
24]. In particular we presented an axiomati zation of the base first order theory. In[21] we described an encoding of this
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logic into the generic proof assistant Isabelle [43]. Encoding the syntax and proof theory of thelogic was arelatively
painless procedure. Especially when compared with the contortions required for logics of the Hoare and Dynamic
ilk [36, 1].

Since the semantics of the underlying A -caculusis operational, and the semantics of thelogicis defined strictly
in terms of syntactic entities, it seems not unreasonabl e to expect an implementation to be capable of encodingit. This
would allow for both proof theoretical and semantic reasoning to be carried out at the sametimeinthe same context [56].
Thiswould have two obvious attractions:

1. It will also allow the system to semantically verify itsown proof system, an extremely attractive idea.

2. It would dso alow for the dynamic enrichment of the proof theory by introducing new, semantically verified,
principles. Thus the logic implemented would be truly dynamic.

The only obstacle to successfully encoding the semantics is the problem of encoding lambda calculus style contexts
and holefilling (i.e the corresponding notion of substitutionwith variable binding capture). To achieve thisit may be
necessary to adopt the binding structure approach developed in [52, 54].

Whilewe have presented acompl eteness result in this paper, substantial work still remainsto be done. We mention
here several open problemsin this area that we expect to obtain results within the three year time-frame.

1. The axiom system presented here contains axioms and rules for quantifiers but not structured data (i.e. typi-
cally immutable pairs), however the question of whether these axioms and rules are complete remains open. We
conjectured that the techniques presented in [55] can be modified and adapted to this framework to obtain an
affirmative answer to this conjecture.

2. Inan operational setting, the main tool for establishing principles such as structura induction, fixed-point induc-
tion, co-induction, and simulation induction is induction on the length of computation. By incorporating both
semantical and proof theoretical principlesinto the proof environment we solve the problem of how computa-
tion induction can be formalized within this programming logic.

3. Thus far we have studied systems with control features [53] as well as systems with imperative features. The
unification of these two theoriesis yet to be studied in detail. While most of the nice meta-theoretic properties
such as completeness should carry over, certain principles must be modified if they are to remain valid [17].

4. Inthelong term it ishoped that our work on concurrent and distributed programming [5] and [6] will resultin a
unified approach to &l three enrichmentsto the underlying functional language.

References

[1] A.Avron, FHonsdl, I.A. Mason, and Robert Pollack. Using Typed Lambda Calculus to Implement Formal Sys-
tems on aMachine. Journal of Automated Reasoning, 9:309-354, 1992.

[2] H. Abelson and G. J. Sussman. Structure and Interpretation of Computer Programs. The MIT Press, McGraw-
Hill Book Company, 1985.

[3] S. Abramsky. Thelazy lambda calculus. In D.A. Turner, editor, Research Topics in Functional Programming.
Addison-Wesley, 1990.

[4] S. Abramsky. Domain theory inlogical form. Annals of Pure and Applied Logic, 51(1):1-77, 1991.

[5] G. Agha I. A. Mason, S. F. Smith, and C. L. Talcott. Towards a theory of actor computation. In The Third
International Conference on Concurrency Theory (CONCUR ’*92), volume 630 of Lecture Notes in Computer
Science, pages 565-579. Springer Verlag, August 1992.

[6] G.Agha I. A. Mason, S. F. Smith, and C. L. Talcott. A foundation for actor computation, 1999. to appear.

31



[7] K.R. Apt. Ten years of Hoare's logic: A survey—part I. ACM Transactions on Programming Languages and
Systems, 4:431-483, 1981.

[8] H.Barendregt. The lambda calculus: its syntax and semantics. North-Holland, 1981.
[9] B.Bloom. Can LCF betopped? Information and Computation, 87:264—-301, 1990.
[10] C.C.Changand H.J. Keider. Model Theory. North-Holland, Amsterdam, 1973.

[11] L. Egidi, F. Honsdl, and S. Ronchi dellaRocca. Operational, denotationa and logical descriptions. acase study.
Fundamenta I nformaticae, 16(2):149-170, 1992.

[12] S. Feferman. A language and axioms for explicit mathematics. In Algebra and Logic, volume 450 of Springer
Lecture Notes in Mathematics, pages 87-139. Springer Verlag, 1975.

[13] S. Feferman. Constructive theories of functions and classes. In Logic Colloquium’ 78, pages 159-224. North-
Holland, 1979.

[14] S. Feferman. A theory of variable types. Revista Colombiana de Matématicas, 19:95-105, 1985.

[15] S. Feferman. Polymorphic typed lambda-calculi in atype-free axiomatic framework. In Logic and Computation,
volume 106 of Contemporary Mathematics, pages 101-136. A.M.S,, Providence R. 1., 1990.

[16] M. Felleisen. The Calculi of Lambda-v-cs Conversion: A Syntactic Theory of Control and Sate in Imperative
Higher-Order Programming Languages. PhD thesis, Indiana University, 1987.

[17] M. Felleisen, 1993. Personal communication.

[18] M. Felleisen and D.P. Friedman. Control operators, the SECD-machine, and the A-calculus. InM. Wirsing, editor,
Formal Description of Programming Concepts |11, pages 193-217. North-Holland, 1986.

[19] M. Feleisen and R. Hieb. The revised report on the syntactic theories of sequential control and state. Theoretical
Computer Science, 103:235-271, 1992.

[20] J. Frost, 1995. Persona communication.

[21] J Frostand| A. Mason. An Operational Logic of Effects. In Proceedings of the Australasian Theory Symposium,
CATS' 96, pages 147-156, 1996.

[22] D. Harel. Dynamic logic. In D. Gabbay and G. Guenthner, editors, Handbook of Philosophical Logic, Vol. 11,
pages 497-604. D. Reiddl, 1984.

[23] F Honsdl, I. A. Mason, S. F. Smith, and C. L. Talcott. A theory of classes for afunctional language with effects.
In Proceedings of C9.92, volume 702 of Lecture Notes in Computer Science, pages 309-326. Springer, Berlin,
1993.

[24] F Honsdl, I. A. Mason, S. F. Smith, and C. L. Talcott. A Variable Typed Logic of Effects. Information and
Computation, 119(1):55-90, May 1995.

[25] D. Howe. Equdity in the lazy lambda calculus. In Fourth Annual Symposium on Logic in Computer Science.
|EEE, 1989.

[26] T.Jm and A.R. Meyer. Full abstraction and the context lemma. In Theoretical Aspects of Computer Science,
volume 526 of Lecture Notesin Computer Science, pages 131-151. Springer-Verlag, 1991.

[27] P J. Landin. The mechanical evaluation of expressions. Computer Journal, 6:308-320, 1964.

[28] I. A. Mason. The Samantics of Destructive Lisp. PhD thesis, Stanford University, 1986. Also available as CSLI
Lecture Notes No. 5, Center for the Study of Language and Information, Stanford University.

32



[29] I. A. Mason and C. L. Telcott. Axiomatizing operational equivaence in the presence of side effects. In Fourth
Annual Symposiumon Logic in Computer Science. | EEE, 1989.

[30] I. A. Mason and C. L. Talcott. A sound and complete axiomatization of operationa equivalence between pro-
grams with memory. Technical Report STAN-CS-89-1250, Department of Computer Science, Stanford Univer-
sity, 1989.

[31] I.A.MasonandC. L. Td cott. Reasoning about programswith effects. In Programming Language | mplementation
and Logic Programming, PLILP’ 90, volume456 of Lecture Notesin Computer Science, pages 189-203. Springer-
Verlag, 1990.

[32] I.A.Masonand C. L. Talcott. Equivalencein functional languages with effects. Journal of Functional Program-
ming, 1:287-327,1991.

[33] I. A. Mason and C. L. Talcott. Inferring the equivaence of functional programs that mutate data. Theoretical
Computer Science, 105(2):167-215, 1992.

[34] I.A. Masonand C. L. Talcott. References, local variables and operational reasoning. In Seventh Annual Sympo-
siumon Logic in Computer Science, pages 186-197. |EEE, 1992.

[35] I.A.MasonandC. L. Talcott. Program transformation viacontextual assertions. In Logic, Language and Compu-
tation. Festschrift in Honor of Satoru Takasu, volume 792 of Lecture Notesin Computer Science, pages 225-254.
Springer, Berlin, 1994.

[36] I.A. Mason. Hoare's LogicintheLF. Technica Report ECS-LFCS-87-32, Laboratory for foundations of com-
puter science, University of Edinburgh, 1987.

[37] 1.A. Mason and C.L. Talcott. Reasoning about Object Systemsin VTLOE. International Journal of Foundations
on Computer Science, 6(3):265-298, 1995.

[38] R. Milner. Fully abstract models of typed A-calculi. Theoretical Computer Science, 4:1-22, 1977.

[39] E. Moggi. Computational lambda-calculus and monads. In Fourth Annual Symposium on Logic in Computer
Science. |EEE, 1989.

[40] J. H. Morris. Lambda cal culus models of programming languages. PhD thesis, Massachusetts Institute of Tech-
nology, 1968.

[41] C.G.Nésonand D. C. Oppen. Fast decision procedures based on congruence closure. Technical Report STAN-
CS-77-647, Department of Computer Science, Stanford University, 1977.

[42] C-H.L. Ong. The Lazy Lambda Calculus: An investigation into the Foundations of Functional Programming.
PhD thesis, Imperial College, University of London, 1988.

[43] Lawrence C. Paulson. Isabelle, A Generic Theorem Prover. Number 82 in Lecture Notes in Computer Science.
Springer-Verlag, Berlin, 1994.

[44] A.M. Pitts. Evaluation logic. In 1Vth Higher-Order Workshop, Banff, volume 283 of Workshopsin Computing.
Springer-Verlag, 1990.

[45] A. M. Pittsand I. Stark. On the observable properties of higher order functionsthat dynamically create local
names. In ACM Sgplan Workshop on Satein Programming Languages. YaleU/DCSRR-968, 1993.

[46] G. Plotkin. Cal-by-name, call-by-vaue and the lambda calculus. Theoretical Computer Science, 1:125-159,
1975.

[47] D. Prawitz. Natural Deduction: A Proof-theoretical Sudy. Almquist and Wiksell, 1965.

33



[48] Michael O. Rabin. Decidability of second order theories and automata on infinite trees. Transactions of the
American Mathematical Society, 141:1-35, 1969.

[49] J.C. Reynolds. Idedlized ALGOL and its specification logic. In D. Néd, editor, Tools and Notions for Program
Construction, pages 121-161. Cambridge University Press, 1982.

[50] S.F. Smith. From operational to denotational semantics. In MFPS1991, volume598 of Lecture Notesin Computer
Science, pages 54—76. Springer-Verlag, 1992.

[51] C.L. Tacott. The essence of Rum: A theory of theintensional and extensional aspects of Lisp-type computation.
PhD thesis, Stanford University, 1985.

[52] C.L. Tdcott. Binding structures. In Vladimir Lifschitz, editor, Artificial Intelligence and Mathematical Theory
of Computation. Academic Press, 1991.

[53] C. L. Tdcott. A theory for program and data type specification. Theoretical Computer Science, 104:129-159,
1992.

[54] C. L. Tdcott. A theory of binding structures and its applications to rewriting. Theoretical Computer Science,
112:99-143, 1993.

[55] R. L. Tenney. Decidable Pairing Functions. PhD thesis, Cornell University, 1972. also appears as Computer
Science TR 72-136.

[56] R.W. Weyhrauch. Prolegomenato atheory of formal reasoning. Artificial Intelligence, 13:133-170, 1980.

34



