A First Order Logic of Effects

Ian A. Mason �

May 30, 1996

Abstract In this paper we describe some of our progress towards an operational implementation of a modern programming logic. The logic is inspired by the variable type systems of Feferman, and is designed for reasoning about imperative functional programs. The logic goes well beyond traditional programming logics, such as Hoare’s logic and Dynamic logic in its expressibility, yet is less problematic to encode into higher order logics. The main focus of the paper is too present an axiomatization of the base �rst order theory.

1 Introduction

VTLoE [34, 23, 35, 37, 24] is a logic for reasoning about imperative functional programs, inspired by the variable type systems of Feferman. These systems are two sorted theories of operations and classes initially developed for the formalization of constructive mathematics [12, 13] and later applied to the study of purely functional languages [14, 15]. VTLoE builds upon recent advances in the semantics of languages with effects [16, 19, 28, 32, 33] and goes well beyond traditional programming logics, such as Hoare’s logic [7] and Dynamic logic [22] by treating a richer language and expressing more properties. It is close in spirit to Speci�cation Logic [49] and to Evaluation Logic [44].

The underlying programming language of VTLoE, λ_{mk}, is based on the call-by-value lambda calculus extended by

the reference primitives mk, set, get. Atoms, references and lambda abstractions are all ↑rst class values ¡ they can

be bound to lambda variables, stored, and returned from procedures. It can thus be thought of as a fragment of untyped
ML or a variant of Scheme. The logic combines the features and bene↑ts of equational calculi as well as program
and speci↑cation logics. There are three layers. The foundation is the syntax and semantics of λ

                                                                                                mk, the underlying
term/programming language. The second layer is a ↑rst-order theory built on assertions of program equivalence and
program modalities called contextual assertions. The third layer extends the logic to include class terms, class mem-
bership, and quanti↑cation over class variables. In this paper we concentrate on the ↑rst two layers. The main topic of
this paper is the presentation of a Hilbert style formal system for VTLoE and the proof of its completeness.
    Contextual assertions were ↑rst introduced in [31] as a means for expressing constraint propogation. It was quickly
realized that they are an essential feature of any language for reasoning about the effects of programs. In our earlier
work on axiomatizing imperative features [30, 29, 33] we presented a simple sequent system for proving equations.
The introduction rules for the allocation and updating primitives were complicated by ugly side conditions. Conditions
so ugly as to make the implementation of the system unfeasible. The main result of this paper is to generalize these
previous results to a full ↑rst order language with contextual assertions. The crucial point is that contextual assertions
eliminate the need for any side conditions.

1.1 Overview and Notation

The remainder of this paper is organized as follows. In §∈ ⊒⌉ ⟩\⊔∇≀⌈⊓⌋⌉ ⊔⟨⌉ ∫†\⊔⊣§ ⊣\⌈ ∫⌉⇕⊣\⊔⟩⌋∫ ≀{ ⊔⟨⌉ ⊔⌉∇⇕∫ ≀{ VTL≀E↙

I\ §∋ ⊒⌉ ⟩\⊔∇≀⌈⊓⌋⌉ ⊔⟨⌉ ∫†\⊔⊣§ ⊣\⌈ ∫⌉⇕⊣\⊔⟩⌋∫ ≀{ ⊔⟨⌉ {≀∇⇕⊓↕⊣∫ ≀{ VTL≀E↙ I\ §△ ⊒⌉ √∇⌉∫⌉\⊔ ⊔⟨⌉ √∇≀≀{ ⊔⟨⌉≀∇† ≀{ VTL≀E↙ I\ §▽ ⊒⌉ ∇⌉↕⊣⊔⌉ ⊔⟨⌉ ∫⌉⇕⊣\⊔⟩⌋∫ ⊒⟩⊔⟨ ⊔⟨⌉ √∇≀≀{ ⊔⟨⌉≀∇†↙ �Department of Mathematics & Computer Science, University of New England, Armadale, N.S.W, Australia 2350

We conclude the introduction with a summary of notation. Let X, Y, Y 0, Y1 be sets. We specify meta-variable con- ventions in the form: let x ranges over X which should be read as. the metavariable x and decorated variants such as x^′⇔ x_0, ..., range over the set X▷ We use the usual notation for set membership and function application▷ Y^n is the set of sequences of elements of Y of length n▷ Y ∗ ⟩∫ ⊔⟨⌉ ∫⌉⊔ ≀{ ⊘\⟩⊔⌉ ∫⌉∐⊓⌉\⌋⌉∫ ≀{ ⌉↕⌉⇕⌉\⊔∫ ≀{ Y ▷ ȳ = [y 1, . . . , yn] is the sequence of length n with ith element y_i▷ P_ω(Y ) is the set of ffnite subsets of Y ▷ Y_0^f→ Y_1 is the set of ffnite maps

from Y 0 to Y1. [Y0 → Y1] is the set of total functions f with domain Y0 and range contained in Y 1. We write Dom(f)

for the domain of a function and Rng(f) for its range. For any function f f{y := y^′} ⟩∫ ⊔⟨⌉ {⊓\⌋⊔⟩≀\ f^′ ∫⊓⌋⟨ ⊔⟨⊣⊔ Dom(f^′) = Dom(f) ∪ {y}⇔ f^′(y) = y^′⇔ ⊣\⌈ f^′(z) = f(z) for z ≠ y, z ∈ Dom(f). N = {0, 1, 2, . . .} ⟩∫ ⊔⟨⌉ \⊣⊔⊓∇⊣↕ \⊓⇕⌊⌉∇∫ ⊣\⌈ i, j, n, n_0, . . . range over N. 2 The Syntax and Semantics of Terms 2.1 Syntax The syntax of the terms of λ

mk is a simple extension of the lambda calculus to include basic atomic data A, (such as

the Lisp booleans t and nil, and in practice the natural numbers N),togetherwitha collectionofprimitiveoperations, F =^⋃_{n∈}NFn where F n is the ↼possibly empty↽ set of nary operations▷ Booleans {t, nil} ⊆ A Recognisers T= {atom?, cell?, lambda?} U\⊣∇† O√⌉∇⊣⊔⟩≀\∫ F_1 = {mk, get} ∪ T Binary Operations F

2 = {app, eq, set} T⌉∇\⊣∇† O√⌉∇⊣⊔⟩≀\∫ F_3 = {br} T⟨⌉ √∇⟩⇕⟩⊔⟩⊑⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⟩\⌋↕⊓⌈⌉¬ ⊔⟨⌉ ⇕⌉⇕≀∇† ≀√⌉∇⊣⊔⟩≀\∫ ⇐mk,get,set) for allocating, dereferencing, and updating

unary cells; the usual operations for strict branching (br) and arithmetic; the recognizing operations (atom?, cell?,
lambda?) (or characteristic functions using the booleans t and nil) of their respective domains. We also treat appli-
cation, app, as a binary operation for the sake of uniformity.
  Togther with the atoms, A, we assume an in�nite set of variables, Xand use these to de�ne, by mutual induction,

the set of λabstractions L,the set of value expressions, V,the set of value substitutions,S,the set of expressions, E, and the set of contexts, C, as the least sets satisfying the followingequations: Atoms A a ranges over A Variables X x, y, z ranges over X Lambda Expressions L = λX.E λx.e ranges over L Value Expressions V= X+ A + L v ranges over V Value Substitutions S= X^f→ V σ ranges over S Expressions E = V+ Fn(E^n ) e ranges over E Contexts C = {•} + X+ A + λX.C + Fn(C^n ) C ranges over C λ is a binding operator and free and bound variables of expressions are deαned as usual▷ FV(e) is the set of free variables of e. A value substitution is a ffnite map σ from variables to value expressions we let σ range over value substitutions▷ e^σ is the result of simultaneous substitution of free occurrences of x ∈ Dom(σ) in e by σ(x). We rep- resent the function which maps x to v by {x := v}↙ T⟨⊓∫ e^{{x:=v}} ⟩∫ ⊔⟨⌉ ∇⌉∫⊓↕⊔ ≀{ ∇⌉√↕⊣⌋⟩\} {∇⌉⌉ ≀⌋⌋⊓∇∇⌉\⌋⌉∫ ≀{ x in e by v ↼avoiding the capture of free variables in v↽▷ Contexts are expressions with holes▷ We use • ⊔≀ ⌈⌉\≀⊔⌉ ⊣ ⟨≀↕⌉↙ C[e] denotes the result of replacing any holes in C by e. Free variables of e may become bound in this process. Traps(C) is the set of variables that can actually be trapped in the process of fflling the holes in C.

2.2 Abbreviations In order to make programs easier to read, we introduce some abbreviations.

f(x)^△= app(f, x)

let{x := e_0}e_1^△= app(λx.e_1, e_0)
seq(e)^△= e
seq(e_0, . . . , e_n)^△= let{z := e_0}seq(e_1, . . . , e_n) z ∉ FV(ei) for i ≤ n
if(e_0, e_1, e_2)^△= app(br(e_0, λz.e_1, λz.e_2), nil) for z fresh
not(e)^△= if(e, nil, t)
and(e_0, e_1)^△= if(e_0, e_1, nil)
and(e_0, e_1, . . . e_n)^△= and(e_0, and(e_1, . . . , e_n))
or(e_0, e_1)^△= if(e_0, t, e_1)
or(e_0, e_1, . . .e_n)^△= or(e_0, or(e_1, . . . , e_n))

2.3 Programming Examples 2.3.1 Equality on Cells To simplify matters later we have omitted equality on cells as a primitive operation. It is however easily deffnable.

eq?^△= λx.λy.if(and(cell?(x), cell?(y)),
            let{x_0 := get(x), y_0 := get(y)}
              seq(set(x, nil),
                 set(y, t),
                 let{z := get(x)}
                    seq(set(x, x_0),
                       set(y, y_0),

z)),

nil)

2.3.2 Landin’s Recursion Operator Since the λ_{mk}-calculus extends the call-by-value λcalulus the usual callbyvalue αxed point combinator is a termm in the language▷ A somewhat different αxed point combinator that makes use of the reference primitives is possible.

Y^△= λy.let{z := mk(nil)}
        seq(set(z, λx.app(app(y, get(z)), x)),
           get(z))

This version of the ffxed-point combinator is essentially identical to the one suggested by Landin [27]. When applied to a functional F of the form λf.λx.e Y creates a private local cell, z with contents G = λx.app(app(F, get(z)), x), and returns G▷ By privacy of z G is equivalent to F (G) (cf. [32]). Note that this example is typable in the simply typed lambda calculus (for provably non-empty types (cf. [24])). Thus adding operations for manipulating references to the simply typed lambda calculus causes the failure of strong normalization as well as many other of its nice mathematical properties.

2.3.3 Integer Streams

From an abstract point of view, a stream is simply a (possibly inffnite) sequence of data [2]. In the λ_{mk} -calculus we can

represent streams simply as functional objects. The sequence corresponding to a λ mk-stream is the values reurned by
repeated application of the object to a ↑xed (and hopefully irrelevant argument). The simplest example of a non-trivial

λ_{mk}-stream is the stream of natural numbers.

makeStream^△= λm.let{z := mk(m)}

λx.let{n := get(z)}

seq(set(z, n + 1),

n) Here makeStream applied to an integer m creates a stream of integers beginning with that integer▷ The socreated stream when queried ↼applied to any value↽ returns the next integer in the stream▷ 2▷3▷4 The Sieve of Eratosthenes A somewhat more interesting example of a stream is the sieve of Eratosthenes ♭2♯▷ We begin with the functional filter

which expects an integer, n and a stream s and then creates a new stream▷ This new stream when queried repeatedly

calls the stream argument s until an integer not divisible by the number argument n is returned▷ This number is then returned as the answer to the query▷

filter^△= λn.λs.

λx.let{m := s(nil)}

if(divides?(n, m)
  filter(n, s)(nil)

m)

sieve is an expression which when evaluated creates a new the sieve of Eratosthenes. This new stream is a stream of
the prime numbers. Each time the stream is queried it returns the current prime and updates its local stream to ↑lter
with this prime.

  sieve^△= let{sc := mk(makeStream(2))}

λx.let{s := get(sc)}let{p := s(nil)}

seq(set(sc, filter(p, s)),

p) 2.4 Semantics of Terms

The operational semantics of expressions is given by a reduction relation^∗→ ≀\ ⊣ ∫†\⊔⊣⌋⊔⟩⌋ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⊔⊣⊔⌉ ≀{ ⊣\ ⊣⌊∫⊔∇⊣⌋⊔ ⇕⊣⌋⟨⟩\⌉⇔ ∇⌉{⌉∇∇⌉⌈ ⊔≀ ⊣∫ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ⌈⌉∫⌋∇⟩√⊔⟩≀\∫↙ A ∫⊔⊣⊔⌉ ⟨⊣∫ ⊔⟨∇⌉⌉ ⌋≀⇕√≀\⌉\⊔∫¬ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⟩\∫⊔∇⊓⌋⊔⟩≀\⇔ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌋≀\⊔⟩\⊓⊣⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ∫⊔⊣⊔⌉ ≀{ ⇕⌉⇕≀∇†↙ T⟨⌉⟩∇ ∫†\⊔⊣⌋⊔⟩⌋ ⌋≀⊓\⊔⌉∇√⊣∇⊔∫ ⊣∇⌉ ∇⌉⌈⌉§⌉∫⇔ ∇⌉⌈⊓⌋⊔⟩≀\ ⌋≀\⊔⌉§⊔∫⇔ ⊣\⌈ ⇕⌉⇕≀∇† ⌋≀\⊔⌉§⊔∫ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ R⌉⌈⌉§⌉∫ ⌈⌉∫⌋∇⟩⌊⌉ ⊔⟨⌉ √∇⟩⇕⟩⊔⟩⊑⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ∫⊔⌉√∫↙ A √∇⟩⇕⟩⊔⟩⊑⌉ ∫⊔⌉√ ⟩∫ ⌉⟩⊔⟨⌉∇ ⊣ β_v- reduction or the application of a primitive operation to a sequence of value expressions. The set of redexes, E r , is deffned as

Er = Fn(V^n)

Reduction contexts identify the subexpression of an expression that is to be evaluated next, they correspond to the standard reduction strategy (left-ffrst, call-by-value) of [46] and were ffrst introduced in [18]. The set of reduction contexts, R,is the subset of C de�ned by

R = {•} + Fm+n+1 (V^m, R, E^n )

We let R ranges over R. An expression is either a value expression or decomposes uniquely into a redex placed in a

reductioncontext. An easy structuralinductionestablishes thatif e ∈ E, theneither e ∈ Vor e can be written uniquely

as R[e^′] where R ∈ Rand e^′ ∈ E_r . The set of memory contexts, M, is the set of contexts Γ of the form

let{z_1 := mk(nil)} . . . let{z_n := mk(nil)}seq(set(z_1, v_1), . . . , set(z_n, v_n), •)

where z_i ≠ z_j when i ≠ j▷ We include the possibility that n = 0, in which case Γ = •↙ W⌉ ↕⌉⊔ Γ ranges over M. Wehavedividedthememorycontextintoallocation,followedbyassignmenttoallowfortheconstructionofcycles.

Thus, any state of memory is constructible by such an expression. We can view memory contexts as �nite maps from variablestovalueexpressions. Hencewede�nethedomainof Γ (as above) to be Dom(Γ) = {z 1, . . . , z_n}⇔ ⊣\⌈ Γ(z_i) = v_i for 1 ≤ i ≤ n▷ Two memory contexts are considered the same if they are the same when viewed as functions▷ Viewing memory contexts and αnite maps we deαne the modiαcation of memory contexts Γ{z := mk(v)}⇔ ⊣\⌈ ⊔⟨⌉ ⊓\⟩≀\ ≀{ ⊔⊒≀ ⇕⌉⇕≀∇† ⌋≀\⊔⌉§⊔∫⇔ (Γ_0 ∪ Γ_1), in the obvious way. Γ^σ is the result of applying σ to each value in the range of Γ. The set of computations descriptions (briefiy descriptions), D, is de�ned to be the set M × E. Thus a description

is a pair with �rst component a memory context and second component an arbitrary expression. We do not require that the free variables of the expression be contained in the domain of the memory context. This allows us to de�ne reductionsuniformlyinparameters that are nottouched bythe reductionstep, and hence toprovidea formof symbolic evaluation. We let Γ; e ranges over D. A closed descriptionis a descriptionof the form Γ; e where FV(e) ⊆ Dom(Γ).

Value descriptions are descriptions whose expression component is a value expression, i.e. a description of the form Γ; v▷ (Γ; e)^σ = Γ^σ; e^σ▷ Deαnition ↼ ∗→⇒¬ T⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ∇⌉↕⊣⊔⟩≀\^∗→ ⟩∫ ⊔⟨⌉ ∇⌉⊙⌉§⟩⊑⌉ ⊔∇⊣\∫⟩⊔⟩⊑⌉ ⌋↕≀∫⊓∇⌉ ≀{ →↙ T⟨⌉ ⌋↕⊣⊓∫⌉∫ ⊣∇⌉¬ ⇐β_v) Γ; R[app(λx.e, v)] → Γ; R[e^{{x:=v}}] (atom) Γ; R[atom?(v)] → { Γ; R[t] if v ∈ A Γ; R[nil] if v ∈ L ∪ Dom(Γ)

(cell) Γ; R[cell?(v)] → { Γ; R[t] if v ∈ Dom(Γ) Γ; R[nil] if v ∈ L ∪ A

(eq) Γ; R[eq(v0, v1)] →^{{ Γ; R[t] if v0 = v1, v0, v1 ∈} A,

Γ; R[nil] else if v_0, v_1 ∈ Dom(Γ) ∪ L ∪ A.

(br) Γ; R[br(v0, v1, v2)] →^{{ Γ; R[v1] if v0 ∈ (}A^{− {nil}) ∪} L^∪ P^{∪ Dom(Γ)}

Γ; R[v_2] if v = nil

(mk) Γ; R[mk(v)] → Γ{z := mk(v)}; R[z] if z ∉ Dom(Γ) ∪ FV(R[v])

(get) Γ; R[get(z)] → Γ; R[v] if z ∈ Dom(Γ) and Γ(z) = v

↼set↽ Γ; R[set(z, v)] → Γ{z := mk(v)}; R[nil] if z ∈ Dom(Γ)

Note that in the atom? and cell? rules if one of the arguments is a variable not in the domain of the memory context then the primitive reduction step is not determined. This is also the case in the eq, br, get, and set rules.

De↑nition (↓ ↑ ↕ ∼⇒¬ A ⌋↕≀∫⌉⌈ ⌈⌉∫⌋∇⟩√⊔⟩≀\⇔ Γ; e is deαned ↼written ↓ Γ; e↽ if it evaluates to a value description▷ A

description is undeαned ↼written ↑ Γ; e↽ if it is not deαned▷ Two descriptions Γ; e_0 and Γ; e_1 are equivalued (written Γ; e_0 ∼ Γ; e_1) if they are both undeffned or have a commmon reduct (i.e. they both reduce to a particular description)

↓(Γ; e) ⇔ (∃Γ^′; v^′)(Γ; e^∗→ Γ^′; v^′) ↑(Γ; e) ⇔ ¬ ↓(Γ; e)

Γ; e_0 ∼ Γ; e_1 ⇔ ((↑(Γ; e_0) ∧ ↑(Γ; e_1)) ∨ (∃Γ^′; e)(Γ; e_0^∗→ Γ^′; e ∧ Γ; e_1^∗→ Γ^′; e))

For closed expressions e, we write ↓ e to mean ↓ ∅; e e_0 ↕ e_1 to mean that ↓ e_0 iff ↓ e_1, and e_0 ∼ e_1 to mean ∅; e_0 ∼ ∅; e_1.

Some simple consequences of the computation rules are that reduction is functional modulo alpha conversion, memory contexts may be pulled out of reduction contexts, and computation is uniform in free variables, unreferenced memory and reduction contexts.

Lemma (cr):

(i) Γ_0[e_0] = Γ_1[e_1] if Γ; e → Γi; ei for i < 2

(ii) R[Γ[e]]^∗→ Γ; R[e] if FV(R) ∩ Dom(Γ) = ∅↙

⇐⟩⟩⟩⇒ Γ; e → Γ^′; e^′ ⇒ (Γ; e)^σ → (Γ^′; e^′)^σ

if Dom(Γ0) ∩ Dom(σ) = ∅ = FV(Rng(σ)) ∩ (Dom(Γ0) − Dom(Γ)).

(iv) Γ; e → Γ^′; e^′ ⇒ (Γ_0 ∪ Γ); e → (Γ_0 ∪ Γ^′); e^′ ⟩{ Dom(Γ0) ∩ Dom(Γ0) = ∅↙

⇐⊑⇒ Γ; R[e] → Γ^′; R[e^′] ⇒ Γ; R^′[e] → Γ^′; R^′[e^′] if (Dom(Γ0) ∩ FV(R0)) ⊆ Dom(Γ)

In (cr.i) = is the usual notion of alpha equivalence. It makes explicit the fact that arbitrary choice in cell allocation is the same phenomenon as arbitrary choice of names of bound variables.

2.5 Operational Equivalence of Terms

In this section we deffne the operational equivalence relation and study its general properties. Operational equivalence formalizes the notion of equivalence as black-boxes. Treating programs as black boxes requires only observing what effects and values they produce, and not how they produce them. Our deffnition extends the extensional equivalence relations deffned by [40] and [46] to computation over memory structures. As shown by [3, 4, 9, 11, 25, 28, 32, 26, 38, 42, 45, 50, 51] operational equivalence and approximation can be characterized in various ways.

Deffnition (∼=): Two expressions are operationally equivalent, written e_0 ∼= e_1, if for any closing context C, C[e_0] is deffned iff C[e_1] is deffned.

e_0 ∼= e_1 ⇔ (∀C ∈ C FV(C[e_0]) = FV(C[e_1]) = ∅)(C[e_0] ↕ C[e_1])

The operational equivalence is not trivial since the inclusion of branching implies that t and nil are not equivalent.

By de↑nition operational equivalence is a congruence relation on expressions:

Congruence : e_0 ∼= e_1 ⇒ (∀C ∈ C )(C[e_0 ] ∼= C[e_1])

However it is not necessarily the case that substitution instances of equivalent expressions are equivalent even if the instantiating expressions always returns a value. As a counter-example we have if(cell?(x), eq(x, x), t)∼= t but

if(cell?(mk(t)), eq(mk(t), mk(t)), t) ∼= nil. The reason underlying this is that in the case of programs with effects,
returning a value is not an appropriate characterization of de↑nedness. In particular returning a value is not the same
as being operationally equivalent to a value. This is in contrast to the purely functional case and is due to the presence
of effects. For example, each of the following expressions always returns a value

  mk(x) if(cell?(x), set(x, y), x) if(cell?(x), get(x), x)

but none is equivalent to a value, i.e. for no value expression v do we have e∼= v for any of the above three expressions▷ The αrst has an allocation effect▷ The second has a write effect▷ The third has a read effect▷ In general it is very difαcult to establish the operational equivalence of expressions▷ Thus it is desirable to have a simpler characterization of∼=, one that limits the class of contexts (or observations) that must be considered. The main context lemma in this case is the following

Theorem (ciu): e_0 ∼= e_1 ⇔ (∀Γ, σ, R)(FV(Γ[R[e^σ_i ]]) = ∅ ⇒ (Γ[R[e^σ_0 ]] ↕ Γ[R[e^σ_1 ]]))

A proof of (ciu) appears in [32], and in [24].

3 The Syntax and Semantics of Formulas

3.1 Syntax The ffrst order fragment of our logic is a minor generalization of classical ffrst order logic. The atomic formulas assert the equivaluedness and operational equivalence of expressions. In addition to the usual ffrst-order formula constructions, we add a let-assertion: if Φ is a formula, x a variable and e an expression then let{x := e}[[Φ]] is a formula.

Deffnition (W):

W = (E ∼ E) + (E^∼= E) + (W ⇒ W) + (let{X:= E}[[W]]) + (∀X)(W)

For typographical convenience we will let L range over the class of let contexts. Thus L denotes a generic member of let{X:= E}•↙ ∋↙∈ S⌉⇕⊣\⊔⟩⌋∫ T⟨⌉ ⇕⌉⊣\⟩\} ≀{ {≀∇⇕⊓↕⊣∫ ⟩∫ }⟩⊑⌉\ ⌊† ⊣ T⊣∇∫‖⟩⊣\ ∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ∇⌉↕⊣⊔⟩≀\ Γ |= Φ[σ]. Deffnition (Γ |= Φ[σ]): Assume Γ, σ, Φ, e_j satisfy FV(Φ^σ) ∪ FV(e^σ_j ) ⊆ Dom(Γ) for j < 2, and FV(Γ) = ∅↙ T⟨⌉\ ⊒⌉ ⌈⌉⊘\⌉ ⊔⟨⌉ ∫⊣⊔⟩∫{⊣⌋⊔⟩≀\ ∇⌉↕⊣⊔⟩≀\ Γ |= Φ[σ] by induction on the structure of Φ: Γ |= (e_0 ∼ e_1)[σ] iff Γ; e^σ_0 ∼ Γ; e^σ_1 Γ |= (e_0 ∼= e_1)[σ] iff (∀R ∈ R FV(R) ⊆ Dom(Γ))(Γ[R[e^σ_0 ]] ↕ Γ[R[e^σ_1 ]]) Γ |= (Φ_0 ⇒ Φ_1)[σ] iff (Γ |= Φ_0[σ]) implies (Γ |= Φ_1[σ]) Γ |= let{x := e}[[Φ]][σ] iff (Γ; e^{σ ∗}→ Γ^′; v) implies Γ^′ |= Φ[σ{x := v}]) Γ |= (∀x)Φ[σ] iff (∀v ∈ V FV(v) ⊆ Dom(Γ))(Γ |= Φ[σ{x := v}]) As is usual in logic we deffne the subsidary notions of validity and logical consequence as follows: |= Φ iff (∀Γ, σ FV(Φ^σ ) ⊆ Dom(Γ))(Γ |= Φ[σ]) Φ_0 |= Φ_1 iff |= Φ_0 ⇒ Φ_1

3.3 Examples, Counterexamples and Caveats

Negation is deffnable, ¬Φ is just Φ ⇒ False, where False is any unsatis↑able assertion, such as t∼= nil. Simi-

larly conjunction, ∧ ⇔ ⊣\⌈ ⌈⟩∫|⊓\⌋⊔⟩≀\⇔ ∨ ⊣\⌈ ⊔⟨⌉ ⌊⟩⌋≀\⌈⟩⊔⟩≀\⊣↕⇔ ⇔ ⇔ ⊣∇⌉ ⊣↕↕ ⌈⌉⊘\⊣⌊↕⌉ ⟩\ ⊔⟨⌉ ⊓∫⊓⊣↕ ⇕⊣\\⌉∇↙ N≀⊔⌉ ⊔⟨⊣⊔

⊔⌉∇⇕⟩\⊣⊔⟩≀\ ⊣\⌈ \≀\↖⊔⌉∇⇕⟩\⊣⊔⟩≀\ ⊣∇⌉ ∫⟩⇕√↕⌉ ⊣⌊⌊∇⌉⊑⟩⊣⊔⟩≀\∫↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ let-assertion is a binding operator akin to ∀↙ A ∫⟩⇕√↕⌉ ⌉§⊣⇕√↕⌉ ⟩∫ ⊔⟨⌉ ⊣§⟩≀⇕ ⊒⟨⟩⌋⟨ ⌉§√∇⌉∫∫⌉∫ ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ mk: (∀z)(∀y)(let{x := mk(z)}[[¬(x ∼= y) ∧ cell?(x) ∼= t ∧ get(x) ∼= v]]) Note that there are at least two notions of deffnedness that we can express. We let ↓ e abbreviate ¬(let{x := e}[[False]]) and ↑ e abbreviate its negation let{x := e}[[False]]). A stronger notion of deffnedness is that of being equivalent (either via ∼ ≀∇ ⊑⟩⊣∼=) to a value. These two notions will be important later. We use the symbol ≃ ⊔≀ ⌈⌉\≀⊔⌉ ⌉⟩⊔⟨⌉∇ ≀{ ⊔⟨⌉ ⌊⟩\⊣∇† ∇⌉↕⊣⊔⟩≀\∫ ⟩\ ≀⊓∇ ↕≀}⟩⌋⇔∼= and ∼↙ I⊔ ⟩∫ ⟩⇕√≀∇⊔⊣\⊔ ⊔≀ \≀⊔⌉ ⊔⟨⊣⊔⇔ ⊓\↕⟩‖⌉ ⌉∐⊓⊣↕⟩⊔† ⟩\ ⊘∇∫⊔ ≀∇⌈⌉∇ ↕≀}⟩⌋⇔ \⌉⟩⊔⟨⌉∇ ≀{ ⊔⟨⌉∫⌉ ⌊⟩\⊣∇† ∇⌉↕⊣⊔⟩≀\∫ ⇐∼= nor ∼⇒ ⟩∫ ⊣ ⌋≀\}∇⊓⌉\⌋⌉ ⟩\ ⊔⟨⌉ ∫⌉\∫⌉ ⊔⟨⊣⊔ e_0 ≃ e_1 ⇒ C[e_0] ≃ C[e_1] is falsiffable (even when no trapping occurs). For example

get(x) ≃ t ⇒ app(seq(set(x, nil), λz.z), get(x)) ≃ app(seq(set(x, nil), λz.z), t)

is obviously not valid. Similarly false is the related principle that Φ ⇒ let{x := e}[[Φ]]. For example

get(z) ≃ t ⇒ let{x := set(z, nil)}[[get(z) ≃ t]] is clearly not valid. Also along these lines is the observation that while

let{x := e}[[e_0 ≃ e_1]] ⇒ let{x := e}[[e_0]] ≃ let{x := e}[[e_1]]

is valid, its converse is false. Since

let{x := mk(0)}let{y := mk(0)}[x] ≃ let{x := mk(0)}let{y := mk(0)}[y]

is valid, but let{x := mk(0)}[[let{y := mk(0)}[[x ≃ y]]]] is not.

3.3.1 Violation of Privacy Rather than give the impression that everything is rosy, we point out the following problem raised in [37]. One seemingly desirable logical principle for contextual reasoning is to be able to replace the e by any operationally equivalent expression without changing the semantics of the contextual assertion let{x := e}[[Φ]]. In other words the following principle seems desirable:

e_0 ∼= e_1 ⇒ (let{x := e_0}[[Φ]] ⇔ let{x := e_1}[[Φ]]) However, there are several ways in which this can fail in this logic. For example e_0 may produce some garbage that e_1

does not, and this garbage may be detectable via Φ. For example letting

e_0 = seq(mk(0), mk(0)) e_1 = mk(0) Φ = (∃y_0)(∃y_1)(cell?(y_0) ∼= t ∧ cell?(y_1) ∼= t ∧ eq(y_0, y_1) ∼= nil) provides a counterexample.

Another more troublesome counterexample relies on the fact that e_0 and e_1 may be equivalent due to the privacy

of certain cells, however their privacy is not respected by the contextual assertion. A simple example of this is:

e_0 = λx_0.x_0 e_1 = let{z := mk(λx_0.x_0)}λw.app(get(z), w) Φ = x ∼= λy.y A simple induction on the length of computations ↼similar to those found in ♭32♯↽ establishes that e_0 and e_1 are oper- ationally equivalent, and hence e 0 ∼= e1 is valid. The essential observation is that the cell z is local to the value◁object

returned by e_1 and thus invisible and its contents unalterable outside this scope. However it is not the case that

|= let{x := e_0}[[Φ]] ⇔ let{x := e_1}[[Φ]] However all is not lost, we do have that the weaker principle

e_0 ∼ e_1 ⇒ (let{x := e_0}[[Φ]] ⇔ let{x := e_1}[[Φ]]) is valid.

3.4 Extending the Syntax of Contextual Assertions For simplicity we have minimalized the syntax of contextual assertions to simple let statements. In earlier treat-

ments [24] we dealt with a much wider class of contexts, called univalent contexts, (U-contexts). They are the largest
natural class of contexts whose symbolic evaluation is unproblematic. The key restriction is that we forbid the hole to
appear in the scope of a (non-let) lambda, thus preventing the proliferation of holes. The class of U-contexts, U, is

de�ned as follows.

De�nition (U):

U= { • } + let{X:= E}U+ if(E, U, U) + Fm+n+1 (E^m , U, E^n)

The semantics is a simple generalization of the one presented here, and the curious are refered to [24] for details. The main reason for restricting our attention to let contexts, apart from the simplicity in presentation, is that those left

out may be considered abbreviations:
(0) R[[Φ]] abbreviates Φ.

(1) seq(e_1, e_2, . . . , e_n, [[Φ]]) abbreviates

let{x_1 := e_1}[[. . .[[let{x_n := e_n}[[Φ]]]] . . .]]

provided xi are fresh▷ ↼2↽ let{x_1 := e_1, . . . , x_n := e_n}[[Φ]] abbreviates

let{x_1 := e_1}[[. . .[[let{x_n := e_n}[[Φ]]]] . . .]]

provided xi ∉ FV(ej) for 1 ≤ i < j ≤ n▷

↼3↽ if(e_0, [[Φ_0]], [[Φ_1]]) abbreviates

let{z := e_0}[[(z ∼= nil ⇒ Φ_1) ∧ (¬(z ∼= nil) ⇒ Φ_0)]] z fresh.

↼4↽ ϑ(e_0, . . ., e_n, U[[Φ]], e_{n+1}, . . .) abbreviates seq(e_0, . . . , e_n, U[[Φ]])

That these abbreviations are in fact sound derive from theorem (ca.iii) in [24] which states that (in this generalized semantics):

Theorem (ca):

(iii) U_0[[U_1[[Φ]]]] ⇔ (U_0[U_1])[[Φ]]

4 Proof Theory

Since contextual assertions are akin to modalities, we give a Hilbert style presentation. In the long run a natural deduction style system in the style of Prawitz [47] may be more desirable.

Deffnition (⊢ Φ): The consequence relation, ⊢⇔ ⟩∫ ⊔⟨⌉ ∫⇕⊣↕↕⌉∫⊔ ∇⌉↕⊣⊔⟩≀\ ≀\ W that is closed under the rules given

below.

The rulesare partitionedintoseveralgroups. Each groupofrulesisgivena label,forfuturereference, andmembers of the group are numbered. For example (E.i) refers to the �rst rule in the group of equivalence and evaluation rules (the second group below). A rule has a (possibly empty) set of premisses and a conclusion. In the case that the set of premisses is non-empty the rule is displayed with a horizontal bar separating the premisses from the conclusion.

VariableConvention: We adoptBarendregt’sconvention[8] thatinany particularmathematical situationtheboundandfreevariablesinexpressionsaredistinct. Howeverwedo(andmust)allowfreevariables of expressions to coincide with bound (trappable) variables in contexts. So for example we assume in: (E.vi) that x not free in R; (E.vii) that x ∉ FV(e); (C.v) that x ∉ FV(Φ); (Q.ii)

that x ∉ FV(Φ_0); (mk.ii) and (mk.iii) that x ∉ FV(e_0); and in (S.i) that x ∉ z̄▷ On the other hand in in ↼mk.i) we must

explicitly state that the variable x is distinct from the variables y and z▷ This convention makes the statement of ↼Q▷i↽

somewhat cumbersome▷ Most axioms hold true for both equivaluedness ∼⇔ ⊣\⌈ ≀√⌉∇⊣⊔⟩≀\⊣↕ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉⇔∼=, If this is the case, then rather than write out the principle twice, we use the symbol ≃ ⊔≀ ∇⊣\}⌉ ≀⊑⌉∇ ⊔⟨⌉∫⌉ ⊔⊒≀ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ∇⌉↕⊣⊔⟩≀\∫↙ O\⌉ ⟩⇕√≀∇⊔⊣\⊔ ∇⌉⊣∫≀\ {≀∇ ⟩\⊔∇≀⌈⊓⌋⟩\} ∼ ⟩∫ ⊔⟨⊣⊔ ⟩⇕√≀∇⊔⊣\⊔ √∇⟩\⌋⟩√↕⌉∫ {⊣⟩↕∫ {≀∇∼=. In particular (C.iii) below fails as indicated in [37] and in §∋↙∋↙∞↙ ∃

△↙∞ B⊣∫⟩⌋ E∐⊓⟩⊑⊣↕⌉\⌋⌉ A§⟩≀⇕∫ ⊣\⌈ R⊓↕⌉∫ T⟨⌉ ⊘∇∫⊔⇔ ⇕≀∫⊔ ⌊⊣∫⟩⌋ ⊣§⟩≀⇕ ⌋≀\⌋⌉∇\⟩\} ≀√⌉∇⊣⊔⟩≀\⊣↕ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⊣\⌈ ⌉∐⊓⟩⊑⊣↕⊓⌉⌈\⌉∫∫ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⌊≀≀↕⌉⊣\∫ t and nil are

not equivalent.
Non-Triviality (T).

(i) ⊢ ¬(t ≃ nil) The second set of rules concerning equivaluedness hold true also of operational equivalence. They are equivalence relations, (E.i, E.ii, E.iii). They satisfy a certain restricted form of substitutivity, (E.iv). And are preseved under simple forms of evaluation, (E.v, E.vi, E.vii), these last three principles are (equivalent to) the let-rules of the lambda-c calculus [39].

Equivalence and Evaluation rules (E).

(i) ⊢ e_0 ≃ e_0 (ii) ⊢ (e_0 ≃ e_1 ∧ e_1 ≃ e_2) ⇒ e_0 ≃ e_2 (iii) ⊢ e_0 ≃ e_1 ⇒ e_1 ≃ e_0 (iv) ⊢ e_0 ≃ e_1 ⇒ let{x := e_0}e ≃ let{x := e_1}e (v) ⊢ app(λx.e, v) ≃ e^{{x:=v}} ≃ let{x := v}e (vi) ⊢ R[e] ≃ let{x := e}R[x] (vii) ⊢ let{x := e_0}let{y := e_1}e ≃ let{y := let{x := e_0}e_1}e The remaining axioms rules concerning operational equivalence ↼other than that it is an equivalence relation↽ are. ↼∼=.i), equivaluedness implies operational equivalence; (∼=.ii), operational equivalence is preserved under the collection of garbage; (∼=.iii), operational equivalence is non-trivial on abstractions; and they agree with one another on atoms and cells, (∼=.iv).

Operational Equivalence rules ( ∼=).

(i) ⊢ e_0 ∼ e_1 ⇒ e_0 ∼= e_1 (ii) ⊢ e ∼= Γ[e] provided FV(e) ∩ Dom(Γ) = ∅ (iii)

⊢ e_0 ∼= e_1 ⊢ λx.e_0 ∼= λx.e_1^{(The} ξ Rule↽ (iv) ⊢ τ (x) ∼ t ∧ τ (y) ∼ t ⇒ (x ∼= y ⇔ x ∼ y) τ ∈ {atom?, cell?} △↙∈ C≀\⊔⌉§⊔⊓⊣↕ A§⟩≀⇕∫ ⊣\⌈ R⊓↕⌉∫ C≀\⊔⌉§⊔⊓⊣↕ ⊣∫∫⌉∇⊔⟩≀\∫ ⊣∇⌉ ⊣ ⇕≀⌈⊣↕⟩⊔† ⊣\⌈ ⊣∫ ∫⊓⌋⟨ √≀∫∫⌉∫∫ ⊣ ∇⊓↕⌉ ⊣‖⟩\ ⊔≀ \⌉⌋⌉∫∫⟩⊔⊣⊔⟩≀\⇔ ⇐C↙⟩⇒↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⟩∫ ⊣ ∇⊓↕⌉ ≀{ √∇≀≀{ ⊣\⌈ \≀⊔ ⊣\ ⟩⇕√↕⟩⌋⊣⊔⟩≀\↙ A ∫⟩⇕√↕⌉ ⌋≀⊓\⊔⌉∇⌉§⊣⇕√↕⌉ ⊔≀ ⊔⟨⌉ ⟩⇕√↕⟩⌋⊣⊔⟩≀\ ⌋⊣\ ⌊⌉ {≀⊓\⌈ ⟩\ §∋↙∋↙ T⟨⌉ ∇⌉⇕⊣⟩\⟩\} ⊣§⟩≀⇕∫ ⌋≀\⌋⌉∇\⟩\} ⌋≀\⊔⌉§⊔⊓⊣↕ ⊣∫∫⌉∇⊔⟩≀\∫ ⊣∇⌉¬ ⇐C↙⟩⟩⇒⇔ ⌋≀\⊔⌉§⊔⊓⊣↕ ⊣∫∫⌉∇⊔⟩≀\∫ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉ ⊣⌋∇≀∫∫ ⊔⟨⌉ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉∫⇔ ⊣}⊣⟩\ ⊣ ⌋≀⊓\⊔⌉∇⌉§⊣⇕√↕⌉ ⊔≀ ⊔⟨⌉ ⌋≀\⊑⌉∇∫⌉ ⌋⊣\ ⌊⌉ {≀⊓\⌈ ⟩\ §∋↙∋∅ ⇐C↙⟩⟩⟩⇒⇔ ⊣ {≀∇⇕ ≀{ ⌋≀\⊔⌉§⊔⊓⊣↕ ⊣∫∫⌉∇⊔⟩≀\ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⟩\⊑≀↕⊑⟩\} ⌉∐⊓⟩⊑⊣↕⊓⌉⌈\⌉∫∫ ⇐⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} √∇⟩\⌋⟩√↕⌉ {≀∇ ≀√⌉∇⊣⊔⟩≀\⊣↕ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⟩∫ {⊣↕∫⌉⇔ §∋↙∋↙∞⇒∅ ⇐C↙⟩⊑⇒⇔ ⊣ √∇⟩\⌋⟩√↕⌉ ⊣‖⟩\ ⊔≀ β conversion, and ↼C▷v↽ a principle allowing for the manipulation of contexts▷ Contextual rules ↼C↽▷ (i) ⊢ Φ ⊢ L[[Φ]]

(Context Introduction)

(ii) ⊢ L[[e_0 ≃ e_1]] ⇒ L[e_0] ≃ L[e_1] (iii) ⊢ e_0 ∼ e_1 ⇒ (let{x := e_0}[[Φ]] ⇔ let{x := e_1}[[Φ]]) (iv) ⊢ let{x := v}[[Φ]] ⇔ Φ^{{x:=v}} (v) ⊢ let{x := e_0}let{y := e_1}[[Φ]] ⇔ let{y := let{x := e_0}e_1}[[Φ]]

4.3 Logical Axioms and Rules The propositional rules are, in addition to the usual Hilbert style presentation of modus ponens, (P.iii), and a generating set of tautologies, (P.i) a modal axiom corresponding to K and its converse, (P.ii). Propositional rules (P).

(i) ⊢ Φ provided Φ is an instance of a tautology (ii) ⊢ L[[Φ_0 ⇒ Φ_1]] ⇔ (L[[Φ_0]] ⇒ L[[Φ_1]]) (iii)

⊢ Φ_0 ⊢ Φ_0 ⇒ Φ_1

⊢ Φ_1^{(Modus Ponens)}

Similarly the quantiffer axioms are all standard [10] except for (Q.iv) and (Q.v) which assert that operations other than mk and app have no allocation effect, and that mk only allocates the value it returns.

Quanti↑er rules (Q).

(i) ⊢ Φ ⊢ (∀x)Φ^{{y:=x} ⇐G⌉\⌉∇⊣↕⟩‡⊣⊔⟩≀\} ∀I⇒ (ii) ⊢ (∀x)(Φ_0 ⇒ Φ_1) ⇒ (Φ_0 ⇒ (∀x)Φ_1) (iii) ⊢ (∀x)Φ ⇒ Φ^{{x:=v}} (iv) ⊢ (∀x)let{z := ϑ(ȳ)}[[Φ]] ⇒ let{z := ϑ(ȳ)}[[(∀x)Φ]] ϑ ∈ F − {mk, app} (v) ⊢ ((∀x)let{z := mk(y)}[[Φ(x)]] ∧ let{z := mk(y)}[[Φ(z)]]) ⇒ let{z := ϑ(ȳ)}[[(∀x)Φ]] Note that the converses of these last two axioms are easily derivable.

4.4 Undeffnedness Principles The most basic principle concerning undeffnedness is that two undeffned terms are both equivalued and operationally indistinguishable, (U.i). The rest of the principles concern the partiality of the underlying operation. Note that in the case of the memory operations mk and set, being de↑ned is not the same as being equivalent to a value. In the other

cases this is true, although we need only express the weaker form. The stronger forms are derivable.
Unde↑nedness rules (U).

(i) ⊢ ↑ e_0 ⇒ (↑ e_1 ⇔ e_0 ≃ e_1) (ii) ⊢ ↓ mk(z) (iii) ⊢ ↓ set(z, x) ⇔ cell?(z) ≃ t (iv) ⊢ ↓ get(x) ⇔ cell?(x) ≃ t ⇔ (∃y)(get(x) ≃ y) (v) ⊢ ↓ ϑ(x̄) for ϑ ∈ T∪ {eq, br}

∞∞

△↙▽ D⊣⊔⊣ O√⌉∇⊣⊔⟩≀\ A§⟩≀⇕∫ ⊣\⌈ R⊓↕⌉∫ W⌉ ⊔∇⌉⊣⊔ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔⟩≀\ ⟩\ ⊔⊓∇\↙ W⌉ ∫⟨≀⊓↕⌈ √≀⟩\⊔ ≀⊓⊔⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊔⟨⊣⊔ ⊒⌉ ⟨⊣⊑⌉ }∇≀⊓√⌉⌈ ⊔≀}⌉⊔⟨⌉∇ ⊣ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ √∇⟩\⌋⟩√↕⌉∫ ⊔⟨⊣⊔ ⌋≀\⌋⌉∇\ ⊒⟨⌉\ ⊣\ ⊣∫∫⌉∇⊔⟩≀\ √∇≀√⊣}⊣⊔⌉∫ ⟩\⊔≀ ≀∇ ≀⊓⊔ ≀{ ⊣ ⌋≀\⊔⌉§⊔↙ T⟨⌉† ⇕⊣† ⌊⌉ {≀⊓\⌈ ⊣{⊔⌉∇ ⊔⟨⟩∫ ⌋≀↕↕⌉⌋⊔⟩≀\⇔ ⇐S⇒↙ T⟨⌉ √∇⟩\⌋⟩√↕⌉∫ ⌋≀\⌋⌉∇\⟩\} mk, other than the de↑nedness principle above, (U.ii), are quite straightforward. (mk.i)

describes the allocation effect of a call to mk. While (mk.ii) and (mk.iii) assert that the time of allocation has no dis-
cernable effect on the resulting call. In a world with control effects e

0 must be free of them for this principle to be valid [17].

mk rules (mk).

(i) ⊢ let{x := mk(z)}[[¬(x ≃ y) ∧ cell?(x) ≃ t ∧ get(x) ≃ z]] x fresh (ii) ⊢ let{y := e_0}let{x := mk(z)}e_1 ≃ let{x := mk(z)}let{y := e_0}e_1 (iii) ⊢ let{y := e_0}let{x := mk(z)}Φ ⇔ let{x := mk(z)}let{y := e_0}Φ The ffrst two contextual assertions regarding set are analogous to those of (mk.i). They describe what is returned

and what is altered, what is not altered. The remaining four principles involve the commuting, cancellation, absorption,
and idempotence of calls to set. For example the set absorption principle, (set.v), expresses that under certain simple
conditions allocation followed by assignment may be replaced by a suitably altered allocation.
set rules (set).

(i) ⊢ let{x := set(z, y)}[[get(z) ≃ y ∧ x ≃ nil]] (ii) ⊢ (y ≃ get(z) ∧ ¬(w ≃ z)) ⇒ let{x := set(w, w_0)}[[y ≃ get(z)]] (iii) ⊢ ¬(x_0 ≃ x_2) ⇒ seq(set(x_0, x_1), set(x_2, x_3)) ≃ seq(set(x_2, x_3), set(x_0, x_1)) (iv) ⊢ seq(set(x, y_0), set(x, y_1)) ≃ set(x, y_1) (v) ⊢ let{z := mk(x)}seq(set(z, w), e) ≃ let{z := mk(w)}e (vi) ⊢ get(x) ≃ y ⇒ set(x, y) ≃ nil

  The rules concerning eq are unproblematic. It is either true or false, (eq.i). Note that this dichotomy will imply
that a call to eq is always equivalent to a value. It is true only when its arguments are both atoms and are equivalued,
(eq.ii).
eq rules (eq).

(i) ⊢ eq(x, y) ≃ t ∨ eq(x, y) ≃ nil (ii) ⊢ eq(x, y) ≃ t ⇔ (x ≃ y ∧ atom?(x) ≃ t ∧ atom?(y) ≃ t) The recognisers are similarly simple. They are either true or false, (τ ▷i↽ and hence always equivalent to values▷ They are the characteristic functions of disjoint and exhaustive sets ↼τ ▷ii↽▷ And they correspond to the appropriate sets in question ↼τ ▷iii↽▷ τ rules ↼τ ∈ T)(τ ↽▷ (i) ⊢ τ (x) ≃ t ∨ τ (x) ≃ nil (ii) ⊢ τ (x) ≃ t ⇔ ⋀ τ^0 ∈T−{τ} τ^′(x) ≃ nil

(iii) ⊢ atom?(v) ≃ t provided v ∈ A (iv) ⊢ lambda?(v) ≃ t provided v ∈ L

The branching primitive is as simple as eq. If its ↑rst argument is false then it returns its third argument, (br.i). If

its ↑rst argument is not false then it returns its second argument, (br.ii). These together imply that a call to br is always
equivalent to a value.
br rules (br).

(i) ⊢ x ≃ nil ⇒ br(x, y, z) ≃ z (ii) ⊢ ¬(x ≃ nil) ⇒ br(x, y, z) ≃ y 4▷6 Constraint Propagation Principles An important class of axioms are those which allow assertions to propagated into and out of assertions▷ Static ≃ ∇⊓↕⌉∫ ⇐S⇒↙ (i) ⊢ let{x := ϑ(z̄)}[[x ≃ ϑ(z̄)]] for ϑ ∈ F − {mk, app} (ii) ⊢ ±(z_0 ≃ z_1) ⇒ let{x := ϑ(ȳ)}[[±(z_0 ≃ z_1)]] for ϑ ∈ F (iii) ⊢ ↓ ϑ(ȳ) ⇒ (let{x := ϑ(ȳ)}[[±(z_0 ≃ z_1)]] ⇒ ±(z_0 ≃ z_1)) for ϑ ∈ F (iv) ⊢ ±(z ≃ ϑ_0(ȳ)) ⇒ let{x := ϑ_1(w̄)}[[±(z ≃ ϑ_0(ȳ))]] ϑ0, ϑ1 ∈ F

provided that if ϑ1 ∈ {set, app}⇔ ⊔⟨⌉\ ϑ0 ∈ F − {get, set, app}↙

(v) ⊢ ↓ ϑ_1(w̄) ⇒ (let{x := ϑ_1(w̄)}[[±(z ≃ ϑ_0(ȳ))]] ⇒ ±(z ≃ ϑ_0(ȳ))) ϑ0, ϑ1 ∈ F

provided that if ϑ1 ∈ {set, app}⇔ ⊔⟨⌉\ ϑ0 ∈ F − {get, set, app}↙ A∫ ⊣\ ⊣∫⟩⌈⌉ ⊒⌉ √≀⟩\⊔ ≀⊓⊔ ⊔⟨⊣⊔ ⇐S↙⟩⇒ ⟩∫ √∇≀⊑⊣⌊↕⌉ ⊒⟨⌉\ ϑ = set. In (S.iv) and (S.v) if ϑ_1 ∈ {set, app} ⊣\⌈ ϑ_0 ∈ {get, set, app}⇔ ⊔⟨⌉\ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉∫ ⟨⊣⊑⌉ ∫⟩⇕√↕⌉ ⌋≀⊓\⊔⌉∇⌉§⊣⇕√↕⌉∫↙ △↙ N≀⊔⌉∫ ⊣\⌈ O⌊∫⌉∇⊑⊣⊔⟩≀\∫ ∞↙ T⟨⌉ ≀\↕† ⊣§⟩≀⇕∫ ⊣\⌈ ∇⊓↕⌉∫ ⌋≀\⌋⌉∇\⟩\} get are those in (S), (U), (mk) and (set).

2. Some axioms above are new in the sense that they have replaced principles that appeared in the earlier treatments [34,
  23, 37, 24]. These were pointed out to me by Jacob Frost [20].
  (C.r.i) ⊢ let{x := R[e]}Φ ⇔ let{z := e}let{x := R[z]}Φ

(C.r.ii) ⊢ R[let{x := e_0}e_1] ≃ let{x := e_0}R[e_1] x not free in R

Proof (C.r.i):

(1) ⊢ R[e] ∼ let{z := e}R[z] by (E.vi) (2) ⊢ let{x := R[e]}Φ ⇔ let{x := let{z := e}R[z]}Φ by (1, C.iii) and (P) (3) ⊢ let{x := R[e]}Φ ⇔ let{z := e}let{x := R[z]}Φ by (3, C.v) and (P). C.r.i

Proof (C.r.ii):

(1) ⊢ R[let{x := e_0}e_1] ≃ let{y := let{x := e_0}e_1}R[y]

by (E.vi).

(2) ⊢ R[let{x := e_0}e_1] ≃ let{x := e_0}let{y := e_1}R[y]

from (1) using (E.vii, E.ii).

(3) ⊢ R[let{x := e_0}e_1] ≃ let{x := e_0}R[e_1]

from (2) using (E.vi, C.i, C.ii) and (E.ii).C.r.ii

3. Similarly an previous quantiffer principle

(Q.p) ⊢ L[[(∀x)Φ]] ⇒ (∀x)L[[Φ]] where x ∉ FV(L) ∪ Traps(L)

is now derivable, again pointed out to me by Jacob Frost [20]. Proof (Q.p):

(1) ⊢ (∀x)Φ ⇒ Φ by (Q.iii) (2) ⊢ L[[(∀x)Φ ⇒ Φ]] from (1) using (C.i) (3) ⊢ L[[(∀x)Φ]] ⇒ L[[Φ]] from (2) using (P.ii) and Modus Ponens (4) ⊢ (∀x)(L[[(∀x)Φ]] ⇒ L[[Φ]]) from (3) using (Q.i) (5) ⊢ L[[(∀x)Φ]] ⇒ (∀y)(L[[Φ]]) from (4) using (Q.ii) and the assumption that x ∉ FV(L) Q.p

4.8 Derived Rules Because L[[ ]] is a modality akin to we do not have a deduction theorem. However one can easily establish a weak form of the deduction theorem which is useful.

Theorem (Weak Deduction):^1 Assume that from ⊢ Φ_0 one can establish ⊢ Φ_1, without using context introduction,

(C.i); the ξ rule ↼ ∼=.iii); or generalization on any variable free in Φ0. Then ⊢ Φ 0 ⇒ Φ1.

Proof (Weak Deduction): This is a very simple induction on the length of proof.

A simple corollary of this is a version of reduction ad absurdum:

(Reductio Ad Absurdum)

(⊢ Φ) ⊢ False ⊢ ¬Φ is derivable if the derivation

(⊢ Φ) ⊢ False

does not use context introduction, (C.i); the ξ rule ↼∼=.iii); or generalization on any variable free in Φ. Since if this is

the case then in fact using (weak deduction) we have

⊢ Φ ⇒ False.

1We could strengthen the theorem by weakening the condition without using to without using on any formula depending on the assumption ‘ � 0

And consequently by de�nition ⊢ ¬Φ. A similar observation reduces the strong form of (∃I⇒

(∃E)

(⊢ Φ_0) ⊢ Φ_1

⊢ (∃y)Φ_0

⊢ Φ_1 y ∉ FV(Φ1)

to the derivable form:

(∃E)

⊢ Φ_0 ⇒ Φ_1 ⊢ (∃y)Φ_0 ⇒ Φ_1 y ∉ FV(Φ1)

4.9 Simple Counterexamples The following variations on the (S) principles are not valid.

(1) let{x := ϑ(z̄)}[[x ≃ ϑ(z̄)]] ϑ ∈ {mk, app}

(2) ± (z ≃ ϑ_0(ȳ)) ⇒ let{x := ϑ_1(w̄)}[[±(z ≃ ϑ_0(ȳ))]] ϑ1 ∈ {app, set} ⊣\⌈ ϑ0 ∈ {set, get, app}

(3) ↓ ϑ_1(w̄) ⇒ (let{x := ϑ_1(w̄)}[[±(z ≃ ϑ_0(ȳ))]] ⇒ ±(z ≃ ϑ_0(ȳ))) ϑ1 ∈ {app, set} ⊣\⌈ ϑ0 ∈ {set, get, app}

▽ C≀⇕√↕⌉⊔⌉\⌉∫∫ W⌉ ∫⊣† ⊔⟨⊣⊔ ⊣\ ⌉§√∇⌉∫∫⟩≀\ ⟩∫ ⊘∇∫⊔ ≀∇⌈⌉∇⇔ e ∈ E^∘ ⇔ ⟩{{ ⟩⊔ ⌋≀\⊔⊣⟩\∫ \⌉⟩⊔⟨⌉∇ ⊓\⊣√√↕⟩⌉⌈ λexpressions nor nonλ applications▷ A formula is αrst order Φ ∈ W^∘⇔ ⟩{{ ⟩⊔ ⟩∫ ⌊⊓⟩↕⊔ ⊓√ {∇≀⇕ ⊘∇∫⊔ ≀∇⌈⌉∇ ⌉§√∇⌉∫∫⟩≀\∫↙ T⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ⊘∇∫⊔ ≀∇⌈⌉∇ ∫†\⊔⊣⌋⊔⟩⌋ ∫⊓⌊⌋↕⊣∫∫⌉∫ ⊣∇⌉ ⌈⌉⊘\⌉⌈ {≀∇⇕⊣↕↕† ⌊† ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⇕⊓⊔⊓⊣↕↕† ∇⌉⌋⊓∇∫⟩⊑⌉ ⌈⌉⊘\⟩⊔⟩≀\∫¬

D⌉⊘\⟩⊔⟩≀\ ⇐V ∘ L∘ E∘ W∘⇒¬ V^∘ = X+ A + P^∘ L^∘ = λX.E^∘ E^∘ = V^∘ + app(L^∘, E^∘ ) + (Fn − {app})(E^{∘ n}) W^∘ = (E^∘ ≃ E^∘ ) + (W^∘ ⇒ W^∘) + (let{X:= E^∘ }[[W^∘]]) + (∀X)(W^∘)

Deffnition (Π Π̃): The set of constraints, Π, and the set of complex constraints,Π̃, are deffned as follows:

Π := ±(V^∘ ∼ V^∘) + (F_1 − {mk})(V^∘ ∼ V^∘) Π̃ := ±(V^∘ ≃ V^∘) + (F_1 − {mk})(V^∘ ≃ V^∘) + (Π̃ ⇒ Π̃) A simple constraint set, π is deαned to be a αnite subset of Π, π ∈ P_ω(Π). A complex constraint, π̃ is an element of Π̃. We let π range over simple constraints sets and π̃ range over complex constraints▷ A simple constraint is said to be static if it is a subset of Π − {get}(V^∘). A complex constraint is said to be static if it is a boolean combination of elements from Π − {get}(V^∘). Note that by (S), static constraints propagate through any contextual assertion.

It would perhaps be more symetric if we deffned simple constraints to be conjunctions of constraints. The reason we deffne them to be sets constraints is to facilitate a single deffnition, in particular π_M below. Modulo this one deffnition,

the reader may reasonably assume that π is a αnite conjunction of elements from Π. Thus any simple constraint set is

equivalent to a single complex constraint. Note that a constraint set is a ffnite collection of formulas of the form v_0 ∼ v_1 or ¬(v_0 ∼ v_1) or

{get, atom?, cell?, lambda?}(v_0) ∼ v_1. Negations of the latter are not needed since ¬(ϑ(v_0) ∼ v_1) can be rewritten as {ϑ(v_0) ∼ z, ¬(z ∼ v_1)} {≀∇ z fresh▷ We sometimes abuse notation and identify π with the conjuction of its members hence treating a simple constraint set as a special type of complex constraint▷ Deαnition ↼Cells(π)): Cells(π) is the subset of FV(π) deffned by

Cells(π) = {x ∈ FV(π) π |= cell?(x) ∼ t}. If x ∈ Cells(π), then x must be interpreted as a cell▷ To express the constraints implicit in a memory context Γ we deffne for any π the extension of π by Γ relative to a given set of variables X to be π^X_Γ :

Deffnition (π XΓ ): If X ∈ P ω(X− Dom(Γ)) and FV(π) ∩ Dom(Γ) = ∅⇔ ⊔⟨⌉\ ⊒⌉ ⌈⌉⊘\⌉ πXΓ as follows

π^X_Γ = π ∪ π_{cells} ∪ π_{contents} ∪ π_{distinct} π_{cells} = {cell?(z) ∼ t z ∈ Dom(Γ)} π_{contents} = {get(z) ∼ Γ(z) z ∈ Dom(Γ)} π_{distinct} = {¬(z ∼ y) y ∈ FV(π) ∪ X ∪ (Dom(Γ) − {z}), z ∈ Dom(Γ)}. 5▷1 The First Completeness Theorem We begin by proving a quantiαer free version of the main theorem▷ The full version is then a simple generalization▷ Theorem ↼Completeness δ I↽. If Φ ∈ W^∘ ⟩∫ ⊘∇∫⊔ ≀∇⌈⌉∇ ⊣\⌈ ⟩∫ ∐⊓⊣\⊔⟩⊘⌉∇ {∇⌉⌉⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⌋≀⇕√↕⌉§ ⌋≀\∫⊔∇⊣⟩\⊔ π̃ such that ⊢ π̃ ⇔ Φ Note that by using propositional calculus together with (P.ii) (i.e. the principle ⊢ L[[Φ_0 ⇒ Φ_1]] ⇔ (L[[Φ_0]] ⇒ L[[Φ_1]])) it sufffces to demonstrate the theorem when Φ is of the form

L_1[[L_2[[. . .L_n n≥0 [[e_0 ≃ e_1]] . . .]]]]

For this reason we deffne

L^∗ = { • } + let{X:= E^∘ }L^∗ ⊣\⌈ ↕⌉⊔ L ∗ ∇⊣\}⌉ ≀⊑⌉∇ L ∗↙ T⟨⌉ √∇≀≀{ ≀{ ⊔⟨⌉ ⌋≀⇕√↕⌉⊔⌉\⌉∫∫ ⊔⟨⌉≀∇⌉⇕ ⟩\⊑≀↕⊑⌉∫ ⊔⟨⌉ ∫†⇕⌊≀↕⟩⌋ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⊣∇⌊⟩⊔∇⊣∇† {≀∇⇕⊓↕⊣∫ ⊣\⌈ ⌉§√∇⌉∫∫⟩≀\∫⇔ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊣ ∫⊓⟩⊔⊣⌊↕⌉ ∫⌉⊔ ≀{ ⌋≀\∫⊔∇⊣⟩\⊔∫⇔ ⊔≀ ⊣ ⌋⊣\≀\⟩⌋⊣↕ {≀∇⇕↙ T⟨⌉ ∫†⇕⌊≀↕⟩⌋ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⊣\ ⌉§√∇⌉∫∫⟩≀\⇔ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊣ ∫⌉⊔ ≀{ ⌋≀\∫⊔∇⊣⟩\⊔∫ π requires keeping track of three things. the newly allocated memory, the modiαcations to the original memory ↼described by π↽, and the remaining computation▷ The remainder of a computation is simply an expression▷ The newly allocated memory is simply a memory context▷ The modiαcations to the original memory are represented by another special kind of context called a modiαcation M. We begin by deffning relative to a ffxed constraint set π a symbolic reduction relation^∗→_π ▷ It is deαned in such a way that. Contexts. (L ∗0[[Φ0]] ∗→_π L^∗_1[[Φ_1]]) implies ⊢ π ⇒ (L^∗_0[[Φ_0]] ⇔ L^∗_1[[Φ_1]]) and Expressions: (e_0^∗→_π e_1) implies ⊢ π ⇒ e_0 ∼ e_1. The deαnition requires the notion of a modiαcation and the corresponding decomposition of contexts and expres sions▷ The effects that the evaluation of an expression has on the original memory described by constraints are rep resented by contexts called modiαcations▷ They are simply sequences of assignments to variables that are not in the domain of the memory context but are assumed to be cells▷ Deαnition ↼Modiαcations↽. A modiαcation M, is a context of the form

seq(set(z_1, v_1), . . . , set(z_n, v_n), •)

where z_i = z_j implies i = j▷ We deαne Dom(M) = {z_1, . . ., z_n} ⊣\⌈ ⇐⟩\ ⊣\⊣↕≀}† ⊒⟩⊔⟨ Γ(x)) M(z_i) = v_i for i = 1, . . ., n▷ 5▷2 ß-Reduction In analogy to the semantic reduction relationswe de�ne → π and ∗→_π ▷ In order to ensure that deαnitions are meaningful we introduce the notion of coherence▷ Roughly a constraint and a pair of memory and modiαcation contexts are coherent ↼written Coh(π, Γ; M)) if Dom(Γ) ∩ FV(π) = ∅⇔ ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\∫ ⟩\ M are to elements of Cells(π), π decides equality on Cells(π), distinct elements of Dom(M) are provably distinct in π and π contains at most one get assertion for any z in Cells(π). (The last condition is a technicality to make various deffnitions and proofs simpler.)

Deffnition (Coherence): If Γ is a memory context and M is a modiffcation as above then we say (π, Γ; M) is coherent, written Coh(π, Γ; M), if the following ffve conditions hold: (1) Dom(Γ) ∩ FV(π) = ∅ ⇐∈⇒ Dom(M) ⊆ Cells(π) (3) If x_0, x_1 ∈ Dom(M) are distinct, then π |= ¬(x_0 ∼ x_1). (4) If x_0, x_1 ∈ Cells(π), then π |= (x_0 ∼ x_1) or π |= ¬(x_0 ∼ x_1).

(5) If x ∈ Cells(π), then there is at most one formula (get(z) ∼ v) ∈ π with π |= (z ∼ x), and if (get(z) ∼ v) ∈ π then x ∈ Cells(π). We write Coh(π, M) for Coh(π, Γ; M) when Dom(Γ) is empty, when Dom(M) is empty we write Coh(π, Γ) for Coh(π, Γ; M), and when Dom(Γ) and Dom(M) are both empty we write Coh(π) for Coh(π, Γ; M).

One use of the notion of coherence is to ensure the simplicity of the following deffnition of π_M. If a modiffcation, M, and a constraint set, π are coherent then the modiαcation of π implicit in M is made explicit in π_M. To construct π_M from π we αrst remove the set of all assertions in π concerning contents of cells that are mutated by M. The set removed is referred to as π_{forget} and is well deffned by virtue of coherence. Then we add to π − π_{forget} the set of

assertions, π assign concerning the cells updated by M.

Deffnition (π_M): For Coh(π, M) we deffne π_M as follows

π_M = (π − π_{forget}) ∪ π_{assign} π_{assign} = {get(z) ∼ v M(z) = v, z ∈ Dom(M)} π_{forget} = {(get(x) ∼ v) ∈ π (∃z ∈ Dom(M))(π |= x ∼ z)}

∞

D⌉⊘\⟩⊔⟩≀\ ⇐M{z := mk(v)}_π ↽. Suppose that M is a modiffcation, Coh(π, M) and z ∈ Cells(π). Then M{z :=

mk(v)}_π is deαned to be the modiαcation M^′ ⊒⟩⊔⟨ Dom(M^′) = Dom(M) ∪ {z}⇔ ⊣\⌈ {≀∇ z^′ ∈ Dom(M^′)

M^′(z^′) = { M(z^′) if π |= ¬(z ∼ z^′) v if π |= (z ∼ z^′)

Deffnition (e_0^∗→_π e_1): Assume that Coh(π, Γ; M) and that π^′ = (π_Γ)_M. Then the reduction relation^∗→_π on expressions is the reβexive transitive closure of → π given by. ↼β_v) Γ[M[R[app(λx.e, v)]]] →_π Γ[M[R[e^{{x:=v}}]]]

(τ ↽ Γ[M[R[τ (v)]]] →_π { Γ[M[R[t]]] if π^′ |= τ (v) ∼ t Γ[M[R[nil]]] if π^′ |= τ (v) ∼ nil provided τ ∈ T (eq) Γ[M[R[eq(v0, v1)]]] →π { Γ[M[R[t]]] if π^′ |= Ψ_t(v_0, v_1), Γ[M[R[nil]]] if π^′ |= ¬Ψ_t(v_0, v_1) Ψt(v0, v1) := v0 ∼ v1 ∧ atom?(v0) ∼ t ∧ atom?(v1) ∼ t

(br) Γ[M[R[br(v_0, v_1, v_2)]]] →_π

{ Γ[M[R[v_1]]] if π^′ |= ¬(v_0 ∼ nil) Γ[M[R[v_2]]] if π^′ |= v_0 ∼ nil

(mk) Γ[M[R[mk(v)]]] →_π Γ{z := mk(v)}[M[R[z]]] z fresh

↼get↽ Γ[M[R[get(z)]]] →_π Γ[M[R[v]]] if π0 |= get(z) ∼ v ↼set↽ Γ[M[R[set(z, v)]]] →_π { Γ{z := mk(v)}[M[R[nil]]] if z ∈ Dom(Γ) Γ[M{z := mk(v)}_π [R[nil]]] if π |= cell?(z) ∼ t

De↑nition (L^∗_0[[Φ_0]]^∗→_π L^∗_1[[Φ_1]]): Assume that Coh(π, Γ; M). Then the reduction relation^∗→_π on formulas is the

reβexive transitive closure of → π given by. ↼val↽ Γ[M[let{x := v}•]][[Φ]] → π Γ[M][[Φ{x:=v}]] (red) Γ[M[let{x := e}L^∗]][[Φ]] →_π Γ_1[M_1[let{x := e_1}L^∗]][[Φ]]

provided Γ[M[e]] →π Γ1[M1[e1]]

Lemma (Coherence): Coherence is preserved by syntactic reduction.

The Context Modiffcation Introduction lemma, (CMI), generalizes the contextual assertions concerning mk and set

to arbitrary memory¡modi↑cation contexts pairs.

Lemma (CMI): If Coh(π, Γ; M) and X = FV(Γ[M[R]]) ∪ FV(π) then

⊢ π ⇒ Γ[M[R]][[(π^X_Γ )_M]].

Proof ↼CMI↽. Let π_{cells} = {cell?(z) ∼ t z ∈ Dom(Γ)} π_{contents} = {get(z) ∼ Γ(z) z ∈ Dom(Γ)} π_{distinct} = {¬(z ∼ y) y ∈ X ∪ (Dom(Γ) − {z}), z ∈ Dom(Γ)}.

Suppose without loss of generality that. Γ = let{z_1 := mk(nil)} . . . let{z_n := mk(nil)}

seq(set(z_1, v_1), . . . , set(z_n, v_n), •)

M = seq(set(x_1, v^′_1), . . . , set(x_m, v^′_m), •) Then

⊢ π ⇒ let{z_1 := mk(nil)} . . . let{z_n := mk(nil)}[[π]]

by (S) and propositional logic (P) ⊢ π ⇒ let{z_1 := mk(nil)} . . . let{z_n := mk(nil)}[[π_{cells} ∪ π_{distinct}]]

by (S), (mk.i) and propositional logic (P) ⊢ π ∪ π_{cells} ∪ π_{distinct} ⇒ seq(set(z_1, v_1), ▷ ▷

set(z_n, v_n), •)[[π ∪ π_{cells} ∪ π_{distinct} ∪ π_{contents}]]

by (S), (set.ii), (set.i) and propositional logic (P) Thus by the above and (P.cut)

⊢ π ⇒ Γ[[π^X_Γ ]] Now by coherence we may split π into two disjoint sets π^′ ⊣\⌈ π_{forget} so that (a.) for any (v ∼ get(w)) ∈ π ′ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⊣⊔ π ′ |= ¬(x ∼ w) for every x ∈ Dom(M) = {x1, . . ., xm}↙ ⇐⌊↙⇒ π_{forget} contains only those statements of the form (v ∼ get(w)) such that there is an x ∈ Dom(M) = {x_1, . . . , x_m} ∫⊓⌋⟨ ⊔⟨⊣⊔ π^′ |= x ∼ w▷ Thus ⊢ π^′ ∪ π_{cells} ∪ π_{distinct} ⇒ seq(set(x_1, v^′_1), . . . , set(x_m, v^′_m), •)[[π^′ ∪ π_{cells} ∪ π_{distinct}]] by (S), (set.ii), (set.i), (a.) and propositional logic (P) ⊢ π^′ ⇒ seq(set(x_1, v^′_1), . . . , set(x_m, v^′_m), •)[[{get(x_i) ∼ v_i i = 1, . . ., m}]] by (S), (set.ii), (set.i), and propositional logic (P) Thus by the above, (P.cut) and (C.rdx)

⊢ π ⇒ Γ[M[R]][[(π^X_Γ )_M]] CMI A simple but useful corollary of (CMI) is the following:

Corollary (cmi): If Coh(π, Γ; M), and ⊢ (πΓ)M ⇒ ↑ e, then ⊢ π ⇒ ↑ Γ[M[R[e]]]. Proof ↼cmi↽. ↼1↽ ⊢ π ⇒ Γ[M[R]][[(π^X_Γ )_M]] by (CMI). (2) ⊢ (π_Γ)_M ⇒ ↑ e by assumption▷ ↼3↽ ⊢ π ⇒ Γ[M[R]][[↑ e]] by the above two facts and (P.cut). (4) ⊢ π ⇒ Γ[M[R]][[seq(e, False)]] by deffnition. (5) ⊢ π ⇒ seq(Γ[M[R[e]]], [[False]]) by repeated application of (C.r) (6) ⊢ π ⇒ ↑ Γ[M[R[e]]] by deffnition.

cmi Before we state the key lemmas, we require one last set of deőnitions. Syntactic reduction is deőned so that if π contains enough information concerning the nature of the free variables of e then e^∗→_π Γ[M[e^′]], and either e^′ = v or else e^′ ⌋≀∇∇⌉∫√≀\⌈∫ ⊔≀ ⊣ ∫⊔⊓⌋‖ ∫⊔⊣⊔⌉⇔ ≀\⌉ ⊔⟨⊣⊔ ⌋⊣\\≀⊔ ∇⌉⌈⊓⌋⌉ ⌈⊓⌉ ⊔≀ ∫⟩⇕√↕⌉ ⊔†√⌉ ⇕⟩∫⇕⊣⊔⌋⟨⌉∫↙ D⌉⊘\⟩⊔⟩≀\ ⇐πstuck state↽. An expression e is said to be πstuck state if e can be written as Γ[M[R[e′]]] for some Γ, M, and e^′⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ e^′ ∈ {get(v), set(v, v^′)}, and (π_Γ)_M |= cell?(v) ∼ nil.

An expression e is said to reduce to a πstuck state if e^∗→_π e^′⇔ ⊣\⌈ e^′ ⟩∫ ⊣ πstuck state▷ Similarly a formula L^∗[[Φ]]

is said to reduce to a πstuck state if L^∗[[Φ]]^∗→_π Γ[M[let{x := R[e^′]}•]][[Φ^′]] Coh(π, Γ; M), and Γ[M[R[e^′]]] is a πstuck state▷ In order to formalize the notion of a constraint set π containing enough information we make the following deα nitions▷ A accessor chain of length n is a reduction context of the form ϑ_1(ϑ_2(. . . ϑ_n(•) . . .)) where ϑ_i ∈ {get} N≀⊔⌉ ⊔⟨⊣⊔ ⊣\ ⊣⌋⌋⌉∫∫≀∇ ⌋⟨⊣⟩\ ≀{ ↕⌉\}⊔⟨ 0 is just •↙ F⟩\⊣↕↕† ⊒⌉ ⌈⌉⊘\⌉ ⊔⟨⌉ \≀⊔⟩≀\ ≀{ ncompleteness for constraint sets relative to a αnite set of variables and atoms [x̄, A]. The idea is that such a constraint set contains sufffcient information to completely determine the evaluation of any expression of size less than n built from the given variables and atoms▷ Deαnition ↼nComplete w▷r▷t▷ [x̄, A]): π is ncomplete w▷r▷t▷ [x̄, A] if for every Θ, Θ_0, accessor chains of length ≤ n and y, y_0 ∈ x̄ if π |= Θ[y] ∼ v and π |= Θ_0[y_0] ∼ v_0, then (1) π |= τ (v) ∼ t or π |= τ (v) ∼ nil τ ∈ T (2) π |= v ∼ α or π |= ¬(v ∼ α) α ∈ A ∪ {t, nil, v0} ⇐∋⇒ π |= cell?(v) ∼ t implies (∃v_0 ∈ V)(π |= get(v) ∼ v_0) (4) π |= cell?(v) ∼ nil implies ¬(∃v_0 ∈ V)(π |= get(v) ∼ v_0)

Deffnition (Atoms(Z)): If Z ⊆ E, then Atoms(Z) is the set of atoms occurring in Z▷ 5▷3 The Main Lemmas The following αve lemmas enable a straightforward proof of the completeness theorem▷ Lemmas 0▷ 1▷ 3▷ and 4▷ hold for the full language while Lemma 2▷ holds only for those expressions which are αrst order▷ Lemma ↼0↽. If π̃_0 and π̃_1 are complex constraints, then

π̃_0 |= π̃_1 iff ⊢ π̃_0 ⇒ π̃_1.

Lemma ↼1↽. ↼i↽ If e^∗→_π e^′⇔ ⊔⟨⌉\ ⊢ π ⇒ e ∼ e^′↙ ⇐⟩⟩⇒ I{ L ∗[[Φ]] ∗→_π L^{∗′}[[Φ^′]], then ⊢ π ⇒ (L^∗[[Φ]] ⇔ L^{∗′}[[Φ^′]]).

Lemma (2): Assume e L^∗[[Φ]] are ffrst order, FV(e, L^∗) ⊆ X, Atoms(π, e, L^∗) ⊆ A and that m ∈ N.

(i) If π is (r(e) + m)-complete w.r.t. [X, A] and Coh(π), then either e reduces to a πstuck state or else there exists a memory context Γ, a modiffcation M, and a v such that e^∗→_π Γ[M[v]], Coh(π, Γ; M) and (π_Γ)_M is mcomplete w▷r▷t▷ [X ∪ Dom(Γ), A ∪ Atoms(v)].

(ii) If π is (r(L^∗) + m)-complete w.r.t. [X, A] and Coh(π), then either L^∗[[Φ]] reduces to a πstuck state or else there exists a memory context Γ, a modiffcation M and a substitution σ such that L^∗[[Φ]]^∗→_π Γ[M][[Φ^σ]], Coh(π, Γ; M) and (π_Γ)_M is mcomplete w▷r▷t▷ [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))].

Lemma (3): For any consistent π, x̄ A ∈ P_ω(A ), and n ∈ N there exists N ∈ N and a family of constraint sets {π_i}_{i<N} such that ↼i↽ Each π i is ncomplete w▷r▷t▷ [x̄, Atoms(πi, A)], and Coh(πi). (ii) ⊢ π ⇔ ( ⋁ i<N π_i) Lemma (4): Suppose π and e_i = Γ_i[M_i[v_i]], i < 2, are such that Coh(π, Γ_i; M_i) for i < 2, and π is 1complete with respect to [FV(e_0) ∪ FV(e_1), Atoms(e_0, e_1)]. Then there are static complex constraints π̃_i and π̃_{ii} such that (i) ⊢ π ⇒ (π̃_i ⇔ e_0 ∼ e_1) (ii) ⊢ π ⇒ (π̃_{ii} ⇔ e_0 ∼= e_1)

5.4 Proof of Completeness ffi I

Proof (Completeness ffi I): Fix a particular L^∗[[e_0 ≃ e_1]] and let FV(L^∗[[e_0 ≃ e_1]]) = X and Atoms(L^∗[[e_0 ≃ e_1]]) = A. By propositional logic and lemma (3) we need only show that there is a complex constraint π̃ such that

⊢ π ⇒ (π̃ ⇔ L^∗[[Φ]]) assuming that π is mcomplete w▷r▷t▷ [X, Atoms(π, A)], and Coh(π) for suitably large m ↼m ≥ 1+r(L^∗)+max(r(e_0), r(e_1)). Now by lemma (2.(ii)) either L^∗[[e_0 ≃ e_1]] reduces to a πstuck state or else there exists a memory context Γ, a modiff- cation M and a substitution σ such that L^∗[[e_0 ≃ e_1]]^∗→_π Γ[M][[(e_0 ≃ e_1)^σ]], Coh(π, Γ; M) and (π_Γ)_M is (m − r(L^∗))- complete w.r.t. [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))]. We consider these two cases in turn:

(1.) Suppose L^∗[[e_0 ≃ e_1]] reduces to a πstuck state.

L^∗[[Φ]]^∗→_π Γ[M[let{x := R[e^′]}•]][[Φ^′]] Coh(π, Γ; M) and Γ[M[R[e0]]] is a πstuck state▷ Hence e^′ ∈ {get(v), set(v, v^′)}, and (π_Γ)_M |= cell?(v) ∼ nil. In this situation using lemma (0), the axioms for

unde↑nedness, (U), and corollary (cmi) we have that

⊢ π ⇒ ↑ Γ[M[R[e^′]]] Thus by this (with R = let{x := R[•_1]}•_2) and (P) we obtain

⊢ π ⇒ Γ[M[let{x := R[e^′, L^∗]]][[Φ^′]] ⊢ π ⇒ L^∗[[e_0 ≃ e_1]] by lemma (1.(ii)) Thus any tautological complex constraint π̃ will sufαce▷1_. ↼2▷↽ Suppose L ∗[[e0 ≃ e1]] ∗→_π Γ[M][[(e_0 ≃ e_1)^σ ]] = Γ[M][[e^σ_0 ≃ e^σ_1 ]], Coh(π, Γ; M) and (π_Γ)_M is (m − r(L^∗))- complete w.r.t. [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))]. Now

⊢ π ⇒ L^∗[[e_0 ≃ e_1]] ⇔ Γ[M][[(e_0 ≃ e_1)^σ ]] by lemma (1a). ⊢ π ⇒ Γ[M][[(π_Γ)_M]] by lemma (CMI).

Now let π^′ = (π_Γ)_M then by lemma (2.(i)), for i < 2, either e^σ_i reduces to a π^′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉⇔ ≀∇ ⌉↕∫⌉ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⇕⌉⇕≀∇† ⌋≀\⊔⌉§⊔ Γ i a modiαcation M i and a v i such that e σi ∗→_π0 Γ_i[M_i[v_i]] and Coh(π^′, Γ_i; M_i). Thus apriori there are three cases to consider: when e^σ_0 and e^σ_1 both reduce to π^′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉∫∅ ⊒⟨⌉\ ⌉§⊣⌋⊔↕† ≀\⌉ ≀{ e^σ_0 and e^σ_1 reduce to a π^′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉∅ ⊣\⌈ ⊒⟨⌉\ \⌉⟩⊔⟨⌉∇ e σ0 nor e σ1 reduces to a π ′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉↙

⇐∈⊣↙⇒ S⊓√√≀∫⌉ e σ0 and e σ1 both reduce to π ′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉∫↙ T⟨⊓∫ e σi ∗→_π0 Γ_i[M_i[R[e^′_i]]], and e^′_i ∈ {get(v), set(v, v^′)}, with (π^′_{Γi} )_{Mi} |= cell?(v) ∼ nil. In this situtaion we can use lemma (0), the axioms for unde↑nedness, (U), and

corollary (cmi) we have that

⊢ π^′ ⇒ ↑ Γ_i[M_i[R[e^′_i]]] for i < 2 And so by lemma (1.(i)) and the rules concerning undeffnedness, (U),

⊢ π^′ ⇒ e^σ_0 ≃ e^σ_1 Thus ⊢ π ⇒ L^∗[[e_0 ≃ e_1]] and so again any tautological complex constraint sufffces.2a_. ↼2b▷↽ Suppose without loss of generality that only e σ0 reduces to a stuck state. Thus e σ0 ∗→_π0 Γ_0[M_0[R[e^′_0]]], and e^′_0 ∈ {get(v), set(v, v^′)}, with (π^′_Γ)_M |= cell?(v) ∼ nil. Again we use lemma (0), the axioms for unde↑nedness,

(U), and (cmi) we have that

⊢ π^′ ⇒ ↑ Γ_0[M_0[R[e^′_0]]] ⊢ π^′ ⇒ ↑ e^σ_0 Now on the other hand there exists a memory context Γ 1, a modiffcation M 1, and a v 1 such that e σ1

∗→_π0 Γ_1[M_1[v_1]]. Thus

⊢ π^′ ⇒ ↓ Γ_1[M_1[v_1]] using Coh(π^0, Γ1; M1) and (U) ⊢ π^′ ⇒ ↓ e^σ_1 by lemma (1.(i)) ⊢ π^′ ⇒ ¬(e^σ_0 ≃ e^σ_1 ) by the above and (U.i) ⊢ π ⇒ L^∗[[¬(e_0 ≃ e_1)]] by the above and (P.cut) ⊢ π ⇒ ¬L^∗[[e_0 ≃ e_1]] by (P.not) and since ⊢ π ⇒ ¬L^�[[False]] Thus any tautologically false complex constraint π̃ will sufαce▷ 2b_. ↼2c▷↽ Suppose neither e σ0 nor e σ1 reduces to a π ′↖∫⊔⊓⌋‖ ∫⊔⊣⊔⌉↙ S≀ ⌊† ⊣∫∫⊓⇕√⊔⟩≀\ {≀∇ i < 2 there exists a memory context Γ_i a modiαcation M_i and a v_i such that e^σ_i^∗→_π0 Γ_i[M_i[v_i]] and Coh(π^′, Γ_i; M_i). Thus ⊢ π^′ ⇒ (e^σ_i ≃ Γ_i[M_i[v_i]]) by lemma (1.(i)). ⊢ π^′ ⇒ (e^σ_0 ≃ e^σ_1 ⇔ (Γ_0[M_0[v_0]] ≃ Γ_1[M_1[v_1]])). Thus ⊢ π ⇒ (L^∗[[e_0 ≃ e_1]] ⇔ (Γ[M][[Γ_0[M_0[v_0]] ≃ Γ_1[M_1[v_1]]]])) Consequently by lemma (4) we obtain the desired π̃▷ Note that by ↼S↽ and coherence we have ⊢ π ⇒ Γ[M][[π̃]] ⇔ π̃ since the π̃ provided by lemma ↼4↽ is static▷_{2c. C−I}

5.5 Proofs of the Lemmas

Lemma (0): If π̃ 0 and π̃ 1 are complex constraints, then π̃_0 |= π̃_1 iff ⊢ π̃_0 ⇒ π̃_1.

Proof ↼0↽. Nelson and Oppen ♭41♯▷_0 Lemma (1): (i) If e ∗→_π e^′⇔ ⊔⟨⌉\ ⊢ π ⇒ e ∼ e^′↙ ⇐⟩⟩⇒ I{ L ∗[[Φ]] ∗→_π L^{∗′}[[Φ^′]], then ⊢ π ⇒ (L^∗[[Φ]] ⇔ L^{∗′}[[Φ^′]]).

Proof (1): It sufffces to show that if Coh(π, Γ; M), then

(i) Γ[M[e]]^∗→_π Γ^′[M^′[e^′]] implies ⊢ π ⇒ (Γ[M[e]] ∼ Γ^′[M^′[e^′]]) (ii) Γ[M][[Φ]]^∗→_π Γ^′[M^′][[Φ^′]] implies ⊢ π ⇒ (Γ[M][[Φ]] ⇔ Γ^′[M^′][[Φ^′]])

Let π^′ = (π_Γ)_M and observe that the proof naturally divides into cases corresponding to the deffnitions of^∗→_π ▷ We begin by proving ↼1▷↼i↽↽▷

Proof ↼1▷↼i↽↽. ↼β_v) Assume that e = R[app(λx.e_0, v)]. In this case: ⊢ app(λx.e_0, v) ∼ e_0^{{x:=v}} ⌊† ⊣§⟩≀⇕ ⇐E↙⊑⇒↙ ⊢ π^′ ⇒ app(λx.e_0, v) ∼ e_0^{{x:=v}} ⌊† ⊣§⟩≀⇕∫ ⇐P⇒↙ ⊢ π ⇒ Γ[M[R]][[app(λx.e_0, v) ∼ e_0^{{x:=v}}]] by lemmas (CMI), and (P.cut). ⊢ π ⇒ Γ[M[R[app(λx.e_0, v)]]] ∼ Γ[M[R[e_0^{{x:=v}}]]] by axioms (P), and (C.ii).

(τ ↽ Assume that e = R[τ (v)] for τ ∈ T. In this case:

π^′ |= τ (v) ∼ b by assumption, for b ∈ {t, nil}↙ ⊢ π^′ ⇒ τ (v) ∼ b by lemma (0). ⊢ π ⇒ Γ[M[R]][[τ (v) ∼ b]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[τ (v)]]] ∼ Γ[M[R[b]]] by axioms (P) and (C.ii).

(eq.t) Assume that e = R[eq(v_0, v_1)] and e^′ = R[t]. In this case:

π^′ |= Ψ_t(v_0, v_1) by assumption. π^′ |= v_0 ∼ v_1 ∧ atom?(v_0) ∼ t ∧ atom?(v_1) ∼ t by de↑nition of Ψt. ⊢ π^′ ⇒ (v_0 ∼ v_1 ∧ atom?(v_0) ∼ t ∧ atom?(v_1) ∼ t) by lemma (0). ⊢ π^′ ⇒ eq(v_0, v_1) ∼ t by axiom (eq.ii). ⊢ π ⇒ Γ[M[R]][[eq(v_0, v_1) ∼ t]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[eq(v_0, v_1)]]] ∼ Γ[M[R[t]]] by axioms (P) and (C.ii).

(eq.nil) Assume that e = R[eq(v_0, v_1)] and e^′ = R[nil]. In this case:

π^′ |= ¬Ψ_t(v_0, v_1) by assumption. π^′ |= ¬(v_0 ∼ v_1 ∧ atom?(v_0) ∼ t ∧ atom?(v_1) ∼ t) by deffnition of Ψt. ⊢ π^′ ⇒ ¬(v_0 ∼ v_1 ∧ atom?(v_0) ∼ t ∧ atom?(v_1) ∼ t) by lemma (0). ⊢ π^′ ⇒ ¬(eq(v_0, v_1) ∼ t) by axiom (eq.ii). ⊢ π^′ ⇒ eq(v_0, v_1) ∼ nil by axioms (eq.i) and (P). ⊢ π ⇒ Γ[M[R]][[eq(v_0, v_1) ∼ nil]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[eq(v_0, v_1)]]] ∼ Γ[M[R[nil]]] by axioms (P) and (C.ii).

(br.t) Assume that e = R[br(v_0, v_1, v_2)] and that π^′ |= ¬(v_0 ∼ nil). In this case:

π^′ |= ¬(v_0 ∼ nil) by assumption. ⊢ π^′ ⇒ ¬(v_0 ∼ nil) by lemma (0). ⊢ π^′ ⇒ br(v_0, v_1, v_2) ∼ v_1 by axioms (br.ii) and (P). ⊢ π ⇒ Γ[M[R]][[br(v_0, v_1, v_2) ∼ v_1]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[br(v_0, v_1, v_2)]]] ∼ Γ[M[R[v_1]]] by axioms (P) and (C.ii).

(br.nil) Assume that e = R[br(v_0, v_1, v_2)] and that π^′ |= v_0 ∼ nil. In this case:

π^′ |= v_0 ∼ nil by assumption. ⊢ π^′ ⇒ v_0 ∼ nil by lemma (0). ⊢ π^′ ⇒ br(v_0, v_1, v_2) ∼ v_2 by axioms (br.i) and (P). ⊢ π ⇒ Γ[M[R]][[br(v_0, v_1, v_2) ∼ v_2]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[br(v_0, v_1, v_2)]]] ∼ Γ[M[R[v_2]]] by axioms (P) and (C.ii).

(mk) Assume that e = R[mk(v)]. In this case:

⊢ R[mk(v)] ∼ let{z := mk(v)}R[z] for z fresh by axiom ↼E▷vi↽▷ ⊢ Γ[M][[R[mk(v)] ∼ let{z := mk(v)}R[z]]]

by rule (C.i).

⊢ Γ[M[R[mk(v)]]] ∼ Γ[M[let{z := mk(v)}R[z]]]

by axiom (C.ii).

⊢ Γ[M[R[mk(v)]]] ∼ Γ[let{z := mk(v)}[M[R[z]]]]

by axioms (E), (C.i), and (mk.ii).

⊢ Γ[M[R[mk(v)]]] ∼ Γ[let{z := mk(nil)}seq(set(z, v), [M[R[z]]])]

by axioms (set.v), (C.i) and (E).

⊢ Γ[M[R[mk(v)]]] ∼ Γ{z := mk(v)}[M[R[z]]]

by axioms (mk.ii), (C.i) and (E).

⊢ π ⇒ Γ[M[R[mk(v)]]] ∼ Γ{z := mk(v)}[M[R[z]]]

by axioms (P).

(get) Assume that e = R[get(z)] and e^′ = R[v]. In this case: π^′ |= get(z) ∼ v by assumption▷ ⊢ π^′ ⇒ get(z) ∼ v by lemma ↼0↽▷ ⊢ π ⇒ Γ[M[R]][[get(z) ∼ v]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M[R[get(z)]]] ∼ Γ[M[R[v]]] by axioms (C.ii) and (P).

(set) Assume that e = set(z, v).

⊢ set(z, v) ∼ seq(set(z, v), nil)

by axioms (E.v), (C.ii), (set.i), and (P). ⊢ π ⇒ Γ[M[R]][[set(z, v) ∼ seq(set(z, v), nil)]]

by lemmas (CMI), (P.cut), and (P).

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[M[R[seq(set(z, v), nil)]]]

by axioms (C.ii), and (P).

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[M[seq(set(z, v), R[nil])]]

by axioms (E.vi), (P), (C.i), and (E).

Now we consider two cases: z ∈ Dom(Γ); and z ∉ Dom(Γ). In the former case we have:

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[M[seq(set(z, v), R[nil])]]

by the above.

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[seq(set(z, v), M[R[nil])]]

by axioms (set.iii), (P), (C.i), and (E). ⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ{z := mk(v)}[M[R[nil]]]

by axioms (set.iii), (set.iv), (C.i), (P), and (E).

In the latter case we have:

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[M[seq(set(z, v), R[nil])]]

by the above.

⊢ π ⇒ Γ[M[R[set(z, v)]]] ∼ Γ[Γ[M{z := mk(v)}_π[R[nil]]]]

by axioms (set.iii), (set.iv), (C.i), (P), and (E). 1a

Note that in every case other than (mk) and (set) we actually prove the stronger result that Γ[M[R[e]]]^∗→_π Γ[M[R[e^′]]] implies ⊢ π ⇒ Γ[M[R]][[e ∼ e^′]]. This is useful in the proof of the second part of the lemma▷ Proof ↼1▷↼ii↽↽. Assume that Coh(π, Γ; M). Then we have two cases: (val) Γ[M[let{x := v}•]][[Φ]] →_π Γ[M][[Φ^{{x:=v}}]] (red) Γ[M[let{x := e}•]][[Φ]] →_π Γ_1[M_1[let{x := e_1}•]][[Φ]] where Γ[M[e]] →π Γ1[M1[e1]]

(val) In this case: ⊢ let{x := v}[[Φ]] ⇔ Φ^{{x:=v}} ⌊† ⊣§⟩≀⇕ ⇐C↙⟩⊑⇒↙ ⊢ π^′ ⇒ let{x := v}[[Φ]] ⇔ Φ^{{x:=v}} ⌊† ⊣§⟩≀⇕∫ ⇐P⇒↙ ⊢ π ⇒ Γ[M][[let{x := v}[[Φ]] ⇔ Φ^{{x:=v}}]] by lemmas (CMI) and (P.cut). ⊢ π ⇒ Γ[M][[let{x := v}[[Φ]]]] ⇔ Γ[M][[Φ^{{x:=v}}]] by lemma (CMI). ⊢ π ⇒ Γ[M[let{x := v}•]][[Φ]] ⇔ Γ[M][[Φ^{{x:=v}}]] by deffnition.

(red) Here we consider three separate subcases depending on the nature of the reduction Γ[M[e]] →_π Γ^′[M^′[e^′]]. If this does not involve (mk) or (set), then by the stronger version of lemma (1.(i)) we have that ⊢ π ⇒ Γ[M][[e ∼ e^′]]. Thus by axioms ↼C▷iii↽ ↼P↽ and lemma ↼P▷cut↽ we obtain the desired conclusion. ⊢ π ⇒ (Γ[M[let{x := e}•]][[Φ]] ⇔ Γ[M[let{x := e^′}•]][[Φ]]). Thus we are only left with the cases when the reductions involves ↼mk↽ or ↼set↽▷ ↼mk↽ Let R[•_1, •_2] abbreviate let{x := •_1}•_2. In this case we need to show that ⊢ π ⇒ (Γ[M[R[mk(v), •]]][[Φ]] ⇔ Γ{z := mk(v)}[M[R[z, •]]][[Φ]]) for z fresh. To this end. ⊢ Γ[M[R[mk(v), •]]][[Φ]] ⇔ Γ[M[let{z := mk(v)}R[z, •]]][[Φ]]

by axioms (C.v), (P) and rule (C.i).

⊢ Γ[M[R[mk(v), •]]][[Φ]] ⇔ Γ[let{z := mk(v)}[M[R[z, •]]]][[Φ]]

by axioms (mk.iii) and (P).

⊢ Γ[M[R[mk(v), •]]][[Φ]] ⇔ Γ[let{z := mk(nil)}seq(set(z, v), }[M[R[z, •]]]][[Φ]]

by axioms (set.v), (C.iii) and (P) and rule (C.i). ⊢ Γ[M[R[mk(v), •]]][[Φ]] ⇔ Γ{z := mk(v)}[M[R[z, •]]][[Φ]])

by (mk.iii) and (P).

(set) Again let R[•_1, •_2] abbreviate let{x := •_1}•_2. In this case e = set(z, v) and we must consider two possi-

bilities, either z ∈ Dom(Γ) or not. In the former case we must show:

⊢ π ⇒ (Γ[M[R[set(z, v), •]]][[Φ]] ⇔ Γ{z := mk(v)}[M[R[nil, •]]][[Φ]]) While in the latter case we must show

⊢ π ⇒ (Γ[M[R[set(z, v), •]]][[Φ]] ⇔ Γ[M{z := mk(v)}_π[R[nil, •]]][[Φ]]) In either case we begin by observing that:

⊢ set(z, v) ∼ seq(set(z, v), nil) by axioms (E.v), (C.ii), (set.i), and (P). ⊢ R[set(z, v), •][[Φ]] ⇔ R[seq(set(z, v), nil), •][[Φ]] by axiom (C.iii). ⊢ R[set(z, v), •][[Φ]] ⇔ seq(set(z, v), R[nil, •])[[Φ]] by axioms (C.v), and (E). ⊢ π_Γ ⇒ M[R[set(z, v), •]][[Φ]] ⇔ M[seq(set(z, v), R[nil, •])][[Φ]] by axioms (P), (C.i), and (C.ii).

⊢ π_Γ ⇒ M[R[set(z, v), •]][[Φ]] ⇔ seq(M[set(z, v)], R[nil, •])[[Φ]] by axioms (P), and (C.v).

Now the latter case is simple since ⊢ M[set(z, v)] ∼ M{z := mk(v)}_π[nil]

by the proof of lemma (1.(i)).

⊢ π_Γ ⇒ (M[R[set(z, v), •]][[Φ]] ⇔ seq(M{z := mk(v)}_π[nil], R[nil, •])[[Φ]]) by axioms (P), and (C.iii).

⊢ π_Γ ⇒ (M[R[set(z, v), •]][[Φ]] ⇔ M{z := mk(v)}_π [R[nil, •]][[Φ]]) by axioms (C.iv), (P), and (C.iii).

⊢ π ⇒ (Γ[M[R[set(z, v), •]]][[Φ]] ⇔ Γ[M{z := mk(v)}_π[R[nil, •]]][[Φ]]) by (P.cut) and (P).

Now in the former case we have:

⊢ π_Γ ⇒ M[set(z, v)] ∼ seq(set(z, v), M[nil])

again by the proof of lemma (1.(i)).

⊢ π_Γ ⇒ (M[R[set(z, v), •]][[Φ]] ⇔ seq(set(z, v), M[nil], R[nil, •])[[Φ]]) by axioms (P), (C.iii), (C.i), (C.v).

⊢ π_Γ ⇒ (M[R[set(z, v), •]][[Φ]] ⇔ seq(set(z, v), M[R[nil, •]][[Φ]])) by axioms (C.iii), (C.iv), (C.i), (C.v) and (P).

⊢ π ⇒ (Γ[M[R[set(z, v), •]]][[Φ]] ⇔ Γ[[seq(set(z, v), M[R[nil, •]][[Φ]])]]) by lemma (P.cut) and axioms (C.ii) and (P).

⊢ π ⇒ (Γ[M[R[set(z, v), •]]][[Φ]] ⇔ Γ{x := mk(v)}M[R[nil, •]][[Φ]]) by axioms (mk.i), (set.iii) (set.iv) (C.v) and (C.iii).

1.(ii) 1

Lemma (2): Assume e L ∗[[Φ]] are ffrst order, FV(e, L∗) ⊆ X, and Atoms(π, e, L∗) ⊆ A. (i) If π is (r(e) + m)-complete w.r.t. [X, A] and Coh(π), then either e reduces to a πstuck state or else there exists a memory context Γ, a modiffcation M, and a v such that e^∗→_π Γ[M[v]], Coh(π, Γ; M) and (π_Γ)_M is mcomplete w▷r▷t▷ [X ∪ Dom(Γ), A ∪ Atoms(v)].

(ii) If π is (r(L^∗) + m)-complete w.r.t. [X, A] and Coh(π), then either L^∗[[Φ]] reduces to a πstuck state or else there exists a memory context Γ, a modiffcation M and a substitution σ such that L^∗[[Φ]]^∗→_π Γ[M][[Φ^σ]], Coh(π, Γ; M) and (π_Γ)_M is mcomplete w▷r▷t▷ [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))].

Proof (2): These both follow from the simple observation that if e →_π e^′ ⊣\⌈ π is (r(e)+m)-complete w.r.t. [X, A], then π is (r(e^′) + m)-complete w.r.t. [X, A]. 2

Lemma (3): For any consistent π, x̄ A ∈ P ω(A ), and n ∈ N there exists N ∈ N and a family of constraint sets {π_i}_{i<N} such that ↼i↽ Each π i is ncomplete w▷r▷t▷ [x̄, Atoms(πi, A)], and Coh(πi). (ii) ⊢ π ⇔ ( ⋁ i<N π_i) Proof (3): Suppose that π is consistent but not ncomplete w▷r▷t▷ [x̄, Atoms(A)]. Pick Θ, Θ_0, accessor chains of length ≤ n and y, y 0 ∈ x̄ such that π |= Θ[y] ∼ v and π |= Θ0[y0] ∼ v0 and one of the conditions (1), . . . , (4) fails.

We repair each possible failure in turn. If condition (1) fails then ⊢ π ⇔ ((π ∪ {τ (v) ∼ t}) ∨ (π ∪ {τ (v) ∼ nil})) by (τ ▷i↽ for τ ∈ T. If (2) fails then ⊢ π ⇔ ((π ∪ {v ∼ α}) ∨ (π ∪ {¬(v ∼ α)})) by propositional logic (P), for α ∈ A ∪ {t, nil, v_0}↙ I{ ⇐∋⇒ {⊣⟩↕∫ ⊔⟨⌉\ ⊢ π ⇔ (π ∪ {get(v) ∼ z}) for z fresh by ↼U▷iv↽ and existential elimination ↼∃E⇒↙ I{ ⇐△⇒ {⊣⟩↕∫⇔ ⊔⟨⌉\ π is inconsistent by ↼U▷iv↽ and ↼∃I⇒↙ T⟨⟩∫ ⌋≀\↖ ⊔∇⊣⌈⟩⌋⊔∫ ≀⊓∇ ⟩\⟩⊔⟩⊣↕ ⊣∫∫⊓⇕√⊔⟩≀\∫↙ T⟨⊓∫ ⟩\ ⌉⊣⌋⟨ ⇐√≀∫∫⟩⌊↕⌉⇒ ⌋⊣∫⌉ ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌉\↕⊣∇}⌉ π or branch and enlarge so as to recitfy this particular failure▷ Generating the required family {π_i i < N } ⟩∫ \≀⊒ ⊔∇⟩⊑⟩⊣↕↙_3 Lemma (4): Suppose π and e i = Γi[Mi[vi]], i < 2, are such that Coh(π, Γi; Mi) for i < 2, and π is 1complete

with respect to [FV(e_0) ∪ FV(e_1), Atoms(e_0, e_1)]. Then there are static complex constraints π̃_i and π̃_{ii} such that

(i) ⊢ π ⇒ (π̃_i ⇔ e_0 ∼ e_1) (ii) ⊢ π ⇒ (π̃_{ii} ⇔ e_0 ∼= e_1)

Proof (4): Deffne M^π_i as follows.

M^π_i (z) = { M_i(w) if w ∈ Dom(M_i) and π |= w ∼ z w if π |= w ∼ get(z) and (∀y ∈ Dom(M_i))(π |= ¬(z ∼ y))

The supposition that Coh(π, Γ_i; M_i) and π is 1complete with respect to [FV(e_i), Atoms(e_i)] sufffce to ensure that M^π_i is deαned on Cells(π). Actually M^π_i as deαned is a relation modulo πequivaluedness but this sufαces for our purposes▷

↼4▷↼i↽↽ Without loss of generality we may assume that Dom(Γ_0) and Dom(Γ_1) are disjoint and of the same cardinal- ity, Dom(Γ_0) = Dom(Γ_1) . Since otherwise any tautologically false static constraint would sufffce. Now for each bijection

f : Dom(Γ_0) → Dom(Γ_1) deffne π_f to be the set {x_i ∼ f(x_i), Γ_0(x_i) ∼ Γ_1(f(x_i)), M^π_0 (z) ∼ M^π_1 (z), v_0 ∼ v_1 x_i ∈ Dom(Γ_0), z ∈ Cells(π)} O⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ π_f is a set of static constraints▷ The desired static complex constraint is just π̃_i = ⋁ {π_f f : Dom(Γ_0) → Dom(Γ_1) a bijection}

4.(i) (4.(ii)) This case is slightly more complex than the previous one. We begin by deffning two increasing sequences,

{δ^i_j j ∈ N}⇔ ≀{ ∫⊓⌊∫⌉⊔∫ ≀{ Dom(Γ_i) for i < 2 by induction.

δ^i_0 = Dom(Γ_i) ∩ FV(M_i[v_i]) and having deffned δ^i_j we deαne δ^i_{j+1} by:

δ^i_{j+1} = δ^i_j ∪ {z ∈ Dom(Γ_i) (∃x ∈ δ^i_j )(z ∈ FV(Γ_i(x)))} P⊓⊔ δ^i = ⋃ j∈Nδ^ij . We claim that Dom(Γi) − δ^i is precisely the garbage created by e i▷ Consequently we may assume that the two sets δ 0 and δ 1 are disjoint and of the same cardinality, δ 0 = δ1 , since otherwise any tautologically static constraint would sufffce. We now proceed in the same fashion as in the previous case. for each bijection

f : δ^0 → δ^1 deffne π f to be the set {x_i ∼ f(x_i), Γ_0(x_i) ∼= Γ_1(f(x_i)), M^π_0 (z) ∼= M^π_1 (z), v_0 ∼= v_1 x_i ∈ Dom(Γ_0), z ∈ Cells(π)} O⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ π_f is a set of static constraints▷ The desired static complex constraint is just π̃_{ii} = ⋁ {π_f f : δ^0 → δ^1 a bijection}

4.(ii)

6 The Second Completeness Theorem

We now demonstrate that the quantiffer free assumption can be eliminated from the completeness result of the previous section.

Deffnition ( Π̆): The set of quantiffed constraints,Π̆ is deffned by:

Π̆ := ±(V^∘ ≃ V^∘) + (F_1 − {mk})(V^∘ ≃ V^∘) + (Π̆ ⇒ Π̆) + (∀X)Π̆

Theorem (Completeness ffi II): If Φ ∈ W^∘ ⟩∫ ⊘∇∫⊔ ≀∇⌈⌉∇⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ∐⊓⊣\⊔⟩⊘⌉⌈ ⌋≀\∫⊔∇⊣⟩\⊔ π̆ such that ⊢ π̆ ⇔ Φ

Proof (Completeness ffi II): We prove this by induction on the quantiffer rank of our ffrst order Φ. The only new case we need to consider in this more general situation is how to simplify a formula of the form L[[(∀x)Φ_0]]. Fix a particular L^∗[[(∀x)Φ]] and let FV(L^∗[[(∀x)Φ]]) = X and Atoms(L^∗[[(∀x)Φ]]) = A. By propositional logic and lemma (3) we need only show that there is a complex constraint π̃ such that

⊢ π ⇒ (π̃ ⇔ L^∗[[(∀x)Φ]]) assuming that π is mcomplete w▷r▷t▷ [X, Atoms(π, A)], and Coh(π) for suitably large m ↼m ≥ 1+r(L^∗)+max(r((∀x)Φ)). Now by lemma (2.ii) either L^∗[[(∀x)Φ]] reduces to a πstuck state or else there exists a memory context Γ, a modiffcation M and a substitution σ such that L^∗[[(∀x)Φ]]^∗→_π Γ[M][[((∀x)Φ)^σ]], Coh(π, Γ; M) and (π_Γ)_M is (m − r(L^∗ ))-complete w.r.t. [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))]. We should point out that we are not using a more general version of (2.ii) than the one stated, since there are no restrictions on the formula inside the contextual assertion.

The ffrst case proceeds exactly as in the proof of the ffrst completeness theorem. We are left to deal with the second case.

(2.) Suppose L^∗[[(∀x)Φ]]^∗→_π Γ[M][[((∀x)Φ)^σ]] = Γ[M][[e^σ_0 ≃ e^σ_1 ]], Coh(π, Γ; M) and (π_Γ)_M is (m − r(L^∗))- complete w.r.t. [X ∪ Dom(Γ), A ∪ Atoms(Rng(σ))]. Now

⊢ π ⇒ (L^∗[[(∀x)Φ]] ⇔ Γ[M][[((∀x)Φ)^σ]]) by lemma (1a). Also note that:

⊢ Γ[M][[((∀x)Φ)^σ]] ⇔ Γ[M][[(∀x)(Φ^σ)]] given obvious hygene assumptions. ⊢ Γ[M][[(∀x)(Φ^σ)]] ⇔ Γ[[(∀x)M[[(Φ^σ)]]]] by repeated application of (Q.iv) and its converse ⊢ Γ[[(∀x)M[[(Φ^σ)]]]] ⇔ ((∀x)Γ[M[[(Φ^σ)]]] ∧ Γ[M[[ ⋀ z∈Dom(Γ)

(Φ^σ )^{{x:=z}}]]])

by repeated application of (Q.v) and its converse We are now in a position to apply the induction hypothesis to obtain:

⊢ π̆_0 ⇔ Γ[M[[(Φ^σ)]]] ⊢ π̆_1 ⇔ Γ[M[[ ⋀ z∈Dom(Γ)

(Φ^σ )^{{x:=z}}]]]

Consequently

⊢ π ⇒ (L^∗[[(∀x)Φ]] ⇔ ((∀x)π̆_0 ∧ π̆_1)) and thus we reach the desired conclusion.

To obtain the desired correspondence between the proof theory and semantics we have to elaborate on the ffrst lemma. We need an analysis of the theory of those ffrst order structures in the language

{get, atom?, cell?, lambda?} ⊒⟨⟩⌋⟨ ∫⊣⊔⟩∫{† ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉∫ ⌉\⊓⇕⌉∇⊣⊔⌉⌈ ⟩\ §△↙ T⟨⟩∫ ⊔⟨⌉≀∇† ⟩∫ ‖\≀⊒\ ⊔≀ ⌊⌉ ⌈⌉⌋⟩⌈⊣⌊↕⌉⇔ ⟩\⌈⌉⌉⌈ ⊔⟨⌉ ⊒⌉⊣‖ ⇕≀\⊣⌈⟩⌋ ∫⌉⌋≀\⌈ ≀∇⌈⌉∇ ⟩∫ ∫⟨≀⊒\ ⊔≀ ⌊⌉ ⌈⌉⌋⟩⌈⊣⌊↕⌉ ⟩\ R⊣⌊⟩\≃∫ ↕⊣\⌈⇕⊣∇‖ S∈S √⊣√⌉∇ ∪△∀⊎↙ C≀\∫⌉∐⊓⌉\⊔↕† ⊒⌉ ⇕⊣† ⌋≀\⌋↕⊓⌈⌉ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀⊑⊣⌊⟩↕⊔† ≀{ ⊣ ⊘∇∫⊔ ≀∇⌈⌉∇ Φ ∈ W^∘ ⟩∫ ⌈⌉⌋⟩⌈⊣⌊↕⌉↙

C≀\⌋↕⊓∫⟩≀\∫⇔ D⟩∇⌉⌋⊔⟩≀\∫ ⊣\⌈ F⊓⊔⊓∇⌉ W≀∇‖ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ ⟨⊣⊑⌉ ⌋≀\⊔⟩\⊓⌉⌈ ≀⊓∇ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\∫ ⟩\⊔≀ ⊣ V⊣∇⟩⊣⌊↕⌉ T†√⌉⌈ L≀}⟩⌋ ≀{ E{{⌉⌋⊔∫ ⊔⟨⊣⊔ ⌊⌉}⊣\ ⟩\ ∪∋△⇔ ∈∋⇔ ∋▽⇔ ∋⇔ ∈△⊎↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊒⌉ √∇⌉∫⌉\⊔⌉⌈ ⊣\ ⊣§⟩≀⇕⊣⊔⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊⊣∫⌉ ⊘∇∫⊔ ≀∇⌈⌉∇ ⊔⟨⌉≀∇†↙ I\ ∪∈∞⊎ ⊒⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⊣\ ⌉\⌋≀⌈⟩\} ≀{ ⊔⟨⟩∫

∋′

↕≀}⟩⌋ ⟩\⊔≀ ⊔⟨⌉ }⌉\⌉∇⟩⌋ √∇≀≀{ ⊣∫∫⟩∫⊔⊣\⊔ I∫⊣⌊⌉↕↕⌉ ∪△∋⊎↙ E\⌋≀⌈⟩\} ⊔⟨⌉ ∫†\⊔⊣§ ⊣\⌈ √∇≀≀{ ⊔⟨⌉≀∇† ≀{ ⊔⟨⌉ ↕≀}⟩⌋ ⊒⊣∫ ⊣ ∇⌉↕⊣⊔⟩⊑⌉↕† √⊣⟩\↕⌉∫∫ √∇≀⌋⌉⌈⊓∇⌉↙ E∫√⌉⌋⟩⊣↕↕† ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ ⌋≀\⊔≀∇⊔⟩≀\∫ ∇⌉∐⊓⟩∇⌉⌈ {≀∇ ↕≀}⟩⌋∫ ≀{ ⊔⟨⌉ H≀⊣∇⌉ ⊣\⌈ D†\⊣⇕⟩⌋ ⟩↕‖ ∪∋⇎ ∞⊎↙ S⟩\⌋⌉ ⊔⟨⌉ ∫⌉⇕⊣\⊔⟩⌋∫ ≀{ ⊔⟨⌉ ⊓\⌈⌉∇↕†⟩\} λ mk-calculus is operational, and the semantics of the logic is de↑ned strictly

in terms of syntactic entities, it seems not unreasonable to expect an implementation to be capable of encoding it. This
would allow for both proof theoretical and semantic reasoning to be carried out at the same time in the same context [56].
This would have two obvious attractions:

   1. It will also allow the system to semantically verify its own proof system, an extremely attractive idea.

   2. It would also allow for the dynamic enrichment of the proof theory by introducing new, semantically veri↑ed,
      principles. Thus the logic implemented would be truly dynamic.

The only obstacle to successfully encoding the semantics is the problem of encoding lambda calculus style contexts
and hole ↑lling (i.e the corresponding notion of substitution with variable binding capture). To achieve this it may be
necessary to adopt the binding structure approach developed in [52, 54].
    While we have presented a completeness result in this paper, substantial work still remains to be done. We mention
here several open problems in this area that we expect to obtain results within the three year time-frame.

   1. The axiom system presented here contains axioms and rules for quanti↑ers but not structured data (i.e. typi-
      cally immutable pairs), however the question of whether these axioms and rules are complete remains open. We
      conjectured that the techniques presented in [55] can be modi↑ed and adapted to this framework to obtain an
      af↑rmative answer to this conjecture.

   2. In an operational setting, the main tool for establishing principles such as structural induction, ↑xed-point induc-
      tion, co-induction, and simulation induction is induction on the length of computation. By incorporating both
      semantical and proof theoretical principles into the proof environment we solve the problem of how computa-
      tion induction can be formalized within this programming logic.

   3. Thus far we have studied systems with control features [53] as well as systems with imperative features. The
      uni↑cation of these two theories is yet to be studied in detail. While most of the nice meta-theoretic properties
      such as completeness should carry over, certain principles must be modi↑ed if they are to remain valid [17].

   4. In the long term it is hoped that our work on concurrent and distributed programming [5] and [6] will result in a
      uni↑ed approach to all three enrichments to the underlying functional language.

References

 [1] A.Avron, F.Honsell, I.A. Mason, and Robert Pollack. Using Typed Lambda Calculus to Implement Formal Sys-
     tems on a Machine. Journal of Automated Reasoning, 9:309¡354, 1992.

 [2] H. Abelson and G. J. Sussman. Structure and Interpretation of Computer Programs. The MIT Press, McGraw-
     Hill Book Company, 1985.

 [3] S. Abramsky. The lazy lambda calculus. In D.A. Turner, editor, Research Topics in Functional Programming.
     Addison-Wesley, 1990.

 [4] S. Abramsky. Domain theory in logical form. Annals of Pure and Applied Logic, 51(1):1¡77, 1991.

 [5] G. Agha, I. A. Mason, S. F. Smith, and C. L. Talcott. Towards a theory of actor computation. In The Third
     International Conference on Concurrency Theory (CONCUR ’92), volume 630 of Lecture Notes in Computer
     Science, pages 565¡579. Springer Verlag, August 1992.

 [6] G. Agha, I. A. Mason, S. F. Smith, and C. L. Talcott. A foundation for actor computation, 1999. to appear.

 [7] K.R. Apt. Ten years of Hoare’s logic: A survey¡part I. ACM Transactions on Programming Languages and
     Systems, 4:431¡483, 1981.

 [8] H. Barendregt. The lambda calculus: its syntax and semantics. North-Holland, 1981.

 [9] B. Bloom. Can LCF be topped? Information and Computation, 87:264¡301, 1990.

[10] C.C. Chang and H.J. Keisler. Model Theory. North-Holland, Amsterdam, 1973.

[11] L. Egidi, F. Honsell, and S. Ronchi della Rocca. Operational, denotational and logical descriptions: a case study.
     Fundamenta Informaticae, 16(2):149¡170, 1992.

[12] S. Feferman. A language and axioms for explicit mathematics. In Algebra and Logic, volume 450 of Springer
     Lecture Notes in Mathematics, pages 87¡139. Springer Verlag, 1975.

[13] S. Feferman. Constructive theories of functions and classes. In Logic Colloquium ’78, pages 159¡224. North-
     Holland, 1979.

[14] S. Feferman. A theory of variable types. Revista Colombiana de MatØematicas, 19:95¡105, 1985.

[15] S. Feferman. Polymorphic typed lambda-calculi in a type-free axiomatic framework. In Logic and Computation,
     volume 106 of Contemporary Mathematics, pages 101¡136. A.M.S., Providence R. I., 1990.

[16] M. Felleisen. The Calculi of Lambda-v-cs Conversion: A Syntactic Theory of Control and State in Imperative
     Higher-Order Programming Languages. PhD thesis, Indiana University, 1987.

[17] M. Felleisen, 1993. Personal communication.

[18] M. Felleisen and D.P. Friedman. Control operators, the SECD-machine, and the λcalculus▷ In M▷ Wirsing editor

Formal Description of Programming Concepts III pages 193δ217▷ NorthHolland 1986▷ ♭19♯ M▷ Felleisen and R▷ Hieb▷ The revised report on the syntactic theories of sequential control and state▷ Theoretical Computer Science 103.235δ271 1992▷ ♭20♯ J▷ Frost 1995▷ Personal communication▷ ♭21♯ J▷ Frost and I A▷ Mason▷ An Operational Logic of Effects▷ In Proceedings of the Australasian Theory Symposium CATS φ96 pages 147δ156 1996▷ ♭22♯ D▷ Harel▷ Dynamic logic▷ In D▷ Gabbay and G▷ Guenthner editors Handbook of Philosophical Logic Vol▷ II pages 497δ604▷ D▷ Reidel 1984▷ ♭23♯ F▷ Honsell I▷ A▷ Mason S▷ F▷ Smith and C▷ L▷ Talcott▷ A theory of classes for a functional language with effects▷ In Proceedings of CSL92 volume 702 of Lecture Notes in Computer Science pages 309δ326▷ Springer Berlin 1993▷ ♭24♯ F▷ Honsell I▷ A▷ Mason S▷ F▷ Smith and C▷ L▷ Talcott▷ A Variable Typed Logic of Effects▷ Information and Computation 119↼1↽.55δ90 May 1995▷ ♭25♯ D▷ Howe▷ Equality in the lazy lambda calculus▷ In Fourth Annual Symposium on Logic in Computer Science▷ IEEE 1989▷ ♭26♯ T▷ Jim and A▷R▷ Meyer▷ Full abstraction and the context lemma▷ In Theoretical Aspects of Computer Science volume 526 of Lecture Notes in Computer Science pages 131δ151▷ SpringerVerlag 1991▷ ♭27♯ P▷ J▷ Landin▷ The mechanical evaluation of expressions▷ Computer Journal 6.308δ320 1964▷ ♭28♯ I▷ A▷ Mason▷ The Semantics of Destructive Lisp▷ PhD thesis Stanford University 1986▷ Also available as CSLI Lecture Notes No▷ 5 Center for the Study of Language and Information Stanford University▷

♭29♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ Axiomatizing operational equivalence in the presence of side effects▷ In Fourth Annual Symposium on Logic in Computer Science▷ IEEE 1989▷ ♭30♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ A sound and complete axiomatization of operational equivalence between pro grams with memory▷ Technical Report STANCS891250 Department of Computer Science Stanford Univer sity 1989▷ ♭31♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ Reasoning about programs with effects▷ In Programming Language Implementation and Logic Programming PLILPφ90 volume 456 of Lecture Notes in Computer Science pages 189δ203▷ Springer Verlag 1990▷ ♭32♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ Equivalence in functional languages with effects▷ Journal of Functional Program ming 1.287δ327 1991▷ ♭33♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ Inferring the equivalence of functional programs that mutate data▷ Theoretical Computer Science 105↼2↽.167δ215 1992▷ ♭34♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ References local variables and operational reasoning▷ In Seventh Annual Sympo sium on Logic in Computer Science pages 186δ197▷ IEEE 1992▷ ♭35♯ I▷ A▷ Mason and C▷ L▷ Talcott▷ Program transformation via contextual assertions▷ In Logic Language and Compu tation▷ Festschrift in Honor of Satoru Takasu volume 792 of Lecture Notes in Computer Science pages 225δ254▷ Springer Berlin 1994▷ ♭36♯ I▷A▷ Mason▷ Hoareφs Logic in the LF▷ Technical Report ECSLFCS8732 Laboratory for foundations of com puter science University of Edinburgh 1987▷ ♭37♯ I▷A▷ Mason and C▷L▷ Talcott▷ Reasoning about Object Systems in VTLoE▷ International Journal of Foundations on Computer Science 6↼3↽.265δ298 1995▷ ♭38♯ R▷ Milner▷ Fully abstract models of typed λcalculi▷ Theoretical Computer Science 4.1δ22 1977▷ ♭39♯ E▷ Moggi▷ Computational lambdacalculus and monads▷ In Fourth Annual Symposium on Logic in Computer Science▷ IEEE 1989▷ ♭40♯ J▷ H▷ Morris▷ Lambda calculus models of programming languages▷ PhD thesis Massachusetts Institute of Tech nology 1968▷ ♭41♯ C▷ G▷ Nelson and D▷ C▷ Oppen▷ Fast decision procedures based on congruence closure▷ Technical Report STAN CS77647 Department of Computer Science Stanford University 1977▷ ♭42♯ CH▷L▷ Ong▷ The Lazy Lambda Calculus. An investigation into the Foundations of Functional Programming▷ PhD thesis Imperial College University of London 1988▷ ♭43♯ Lawrence C▷ Paulson▷ Isabelle A Generic Theorem Prover▷ Number 82 in Lecture Notes in Computer Science▷ SpringerVerlag Berlin 1994▷ ♭44♯ A▷ M▷ Pitts▷ Evaluation logic▷ In IVth HigherOrder Workshop Banff volume 283 of Workshops in Computing▷ SpringerVerlag 1990▷ ♭45♯ A▷ M▷ Pitts and I▷ Stark▷ On the observable properties of higher order functions that dynamically create local names▷ In ACM Sigplan Workshop on State in Programming Languages▷ YaleU◁DCS◁RR968 1993▷ ♭46♯ G▷ Plotkin▷ Callbyname callbyvalue and the lambda calculus▷ Theoretical Computer Science 1.125δ159 1975▷ ♭47♯ D▷ Prawitz▷ Natural Deduction. A Prooftheoretical Study▷ Almquist and Wiksell 1965▷

♭48♯ Michael O▷ Rabin▷ Decidability of second order theories and automata on inαnite trees▷ Transactions of the American Mathematical Society 141.1δ35 1969▷ ♭49♯ J▷C▷ Reynolds▷ Idealized ALGOL and its speciαcation logic▷ In D▷ Nχeel editor Tools and Notions for Program Construction pages 121δ161▷ Cambridge University Press 1982▷ ♭50♯ S▷ F▷ Smith▷ From operational to denotational semantics▷ In MFPS 1991 volume 598 of Lecture Notes in Computer Science pages 54δ76▷ SpringerVerlag 1992▷ ♭51♯ C▷ L▷ Talcott▷ The essence of Rum. A theory of the intensional and extensional aspects of Lisptype computation▷ PhD thesis Stanford University 1985▷ ♭52♯ C▷ L▷ Talcott▷ Binding structures▷ In Vladimir Lifschitz editor Artiαcial Intelligence and Mathematical Theory of Computation▷ Academic Press 1991▷ ♭53♯ C▷ L▷ Talcott▷ A theory for program and data type speciαcation▷ Theoretical Computer Science 104.129δ159 1992▷ ♭54♯ C▷ L▷ Talcott▷ A theory of binding structures and its applications to rewriting▷ Theoretical Computer Science 112.99δ143 1993▷ ♭55♯ R▷ L▷ Tenney▷ Decidable Pairing Functions▷ PhD thesis Cornell University 1972▷ also appears as Computer Science TR 72136▷ ♭56♯ R▷ W▷ Weyhrauch▷ Prolegomena to a theory of formal reasoning▷ Artiαcial Intelligence 13.133δ170 1980▷